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PREFACE

The investigation documented in this report constitutes part of the lunar
roving vehicle (I.LRV) research conducted by the Advanced Lunar Studies Team
at the Jet Propulsion Laboratory. This study was performed to develop and
provide a better understanding of mobility concepts on soft sloping terrains as
applied to LRVs,
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ABSTRACT

A peneral solution is given to the mobility performance problem of a
power-driven rigid cylindrical roller climbing a semi-infinite soft soil slope
with nniform velocity. The roller axle is subjected to vertical and pull force
components. A gravitating, cohesive-frictional soil is considered. Its appli-
cation to lunar and planetary locomoticn is emphasized, The mechanics of soil-
roller interaction is described and solved, considering stresses and velocities,
as a mixed boundary value problem. Kétter's quasi-static equilibrium egqua-
tions are connected to a plastic stress configuration satisfying Shield's velocity
conditions along the characteristic lines. Solutions of the eguilibrium equa-

tions yield the driving torque, slip, sinkage, and soil-roller intcerface stresses,

Driving power requirements and thrust efficiency are determined.

A peneral concept of safety factor against iimmobilization is introduced.
A computer program for the soil-wheel interaction performance (SWIP) was
developed and limited applications of this theory to ripid wheel tests on hori-
zontal terrains indicate very reasonable agreement. The methad is also
applied to the Apollo and Lunokhod-1 lunar roving vehicle wheels. Part I, as
published. presents the basic and necessary conditions satisfying the limiting
equilibrium and velocity equations, Part II, to be published scparately, will
provide the concepts of sufficiency asserting the completeness of a given solu-
tion and the computer program.

JRPL Tcechnical Memorandum

13-

-]

-]



. SUMMARY

The use of whecled roving vehicles in future
lunar and planetary explorations will require con-
sideration of two technical problems: (1) the ex-
pense and difficulty of performing lunar soil sur-
face tests tao derive experimental coefficients
which definc soil-whee! performance, and (2) the
lack of the basic fundamentals and experimental
background to predict either on a theoretical or
empirical basis the mechanics of lightly leaded
rolling devices on soft horizontal or sloping
terrains.

This study presents a method of solution to
the two-ditnensional problem of a power-driven
long and rigid cylindrical rotler moving up a gen-
erally sloping soil surface with uniform velocity,
The roller axle is subjected to the combined action
of a driving torque, a vertical load, and a pull
force parallel to the terrain slope.  All practical
ranges of soil mechanical properties are con-
sideraed for either lunar or earth-based soils, in-
cluding soil friction, cohesion, and gravitational
effects,

In principle, the soil-roller interaction study,
as would one for a wheel, points to two basic as-
pects.  One corresponds to the operational condi-
tions of a roller whose mobility is always puaran-
teed, particularly for low contact pressures and
reduced sinkage. In this case, the design objective
for mobility is mainly concerned with an efficiency
optimivation problem. 'The other aspect relates
to the particular limiting state in which innmohili-
zation occurs when the soil thrust capacity has
been reached due to the combined action of soil
welpht and applied rolley loads. In this case, a
margin of salety against immobilization, rather
than efficiency, constitutes the constraint design
factor,

This study indicates that the soil-roller solu-
tion represents, to a reasonable degrec, a
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satisfactory basis for estimating the performance
of rigid wheels under similar driving conditions,
This is particularly true when the soil-wheel con-
tact pressure level is low and the soil failure pat-
tern develops mainly in the fore-aft direction
rather than in a laleral mode. This characteristic
is expecled to occur predominantly for vehicle
locomotion on the lunar surface, as evidenced
from a photograph of wheel tracks left by the
Soviet Lunokhod-1 (Fig. 3 of Ref. 1Y), Obviously,
the soil-roller solution does not entail the solu-
tion of the wheel problem “'per se” since the wheel
is a finlte representation of a roller. lHowever,
the roller approach is a necessary step which will
permit the elucidation and disclosure of some im-
portant aspects applicable to the soil-wheetl inter-
action problem. In particular, these aspects
refer to:

{1) The mechanics of siope ¢limbing under
vatious types of soil materials, and load-
ing conditions of self-propulsion or pull
forces.

{2} The role of slip as a kinematic factor
alfecting the wheel mechanical perfor-
mance and locomotion elliciency.

(%) The basic principles concerning how soil
thrust is generated and motion sustained
as a continuous mechanical process,

If all these (actors ¢an be derived for a roller,
the conclusions may be directly extended to wheels
or otherwise approximated by appropriate model-
ing techniques. In this conlext, the roller analogy
is more akin to the soil-wheel interaction problem
than to using flat plate tests since in the tormer
the mechanics of rolling is reflected at all slip
levels as it actually eccurs for a wheel.



The solution approach consists of selecting a
soil-roller failure configuration in accordance

with experimental evidence on horizontal terrains.

This failure pattern is generalized to sloping sur-
faces. A compatible velocity field is defined that
satisfies all velocity requirements. Then the
governing stress equilibrium equations are solved
along the velocity characteristics (sliplines) in
connection with the remnant stress boundary con-
ditions. The method of solution is implemented
by a computer program which evaluates the basic

soil-raller performance parameters as given by
the torque, slip, sinkage, and interface stress.
The concept of specific rolling energy dissipation
is generalized to slopes, and the driving power
requirement is determined under quite general
conditions of load combinaticons and terrain slope.
A general mobility safety factor definition is in-
troduced and calculated for a soil-roller system.
This definition applies also to wheels and covers
the whole spectrum of rolling with slip up to and
including immobilization.
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II. BACKGROUND — LUNAR MOBILITY

The current status of soil-wheel interaction
as a design tool for planetary vehicle exploration
is rather unsuitable due to the lack of pertinent
quantitative tests and design information that is
normally available for on-earth vehicles, New
theoretical concepts are required to predict vehicle
performance requirements, especially with regard
to safety and power needs when traversing lunar
soft terrain and steep slopes. In this context, a
pertinent survey of the state-of-the-art on off-
the-road vehicle design was made and has led to
the following conclusions:

(1) The present status of the theory of soil-
wheel interaction applies exclusively to
horizontal or gently sloping terrains.
Wheel design parameters and vehicle
performance are definitely connected
with the soil mechanical properties and
the nature of lunar topography. Con-
sequently, lunar vehicle slope climbing
and traversing capabilities are bound to
constitute a controlling design factor in
terms of mobility safety and locomotion
enetgy requirements,

(2) Current on-earth vehicle mobility experi-
ence refers mainly to high soil-wheel
contact pressures and dictates that heavily
loaded vehicles cannot practically negoti-
ate soft slopes higher than approximately
25 deg. Instead, lunar roving vehicles
will operate under comparatively low
soil contact pressures (approximately
6.9 % 103 N/m?2, 1 psi) and may require
climbing slopes steeper than 25 deg. It
is not known, using present mobility con-
cepts, if a vehicle can safely operate
under conditions of low pressure and re-
duced gravity on lunar crater slopes near
limiting equilibrium where excessive
sinkage and loss of soil stability support
may be imminent.

(3) Present approaches to derive basic per-
formance parameters of soil-wheel inter-
action resort to separate sinkage and
horizontal shear deformation plate tests
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performed on potential terrains of vehicle
operation. On this basis, a comprehen-
sive semi-empirical theory for off-the-
road mobility was developed by Bekker
(Ref. 2). The inherent uncertainty of
this approach relates to the fact that the
character and distribution of soil-wheel
interface stresses derived from flat plate
tests cannot be reliably translated into a
roll on a sloping surface.

{4) There is insufficient evidence to what ex-
tent the combined or independent action
of friction, cchesion, and gravitation in-
fluences soil-rolling thrust performance,
Experiments and analysis by Costes, et
al. (Ref, 3), indicate that the lunar soil
surface mechanical properties relate to
a frictional-c¢ohesive behavior,

The use of wheeled roving vehicles in future
lunar and planetary explorations will require con-
sideration of two technical problems: (1) the
expense and difficulty of performing lunar soil
surface tests to derive experimental coefficients
which define soil-wheel performance, and (2} the
lack of the basic fundamentals and experimental
hackground to predict either on a theoretical or
empirical basis the mechanics of lightly loaded
rolling devices on soft horizontal or sloping
terrains.

The broad objective of this study is to estab-
lish a basis for a consistent and unified approach
to the soil-wheel interaction problem to estimate
the performance of lunar roving vehicles travers-
ing generally sloping soft surfaces. To this end,
basic soil mechanical concepts, applicable to the
lunar environment, are incorporated in analytical
expressions to derive torque, energy. interface
stresses, operating slip, and sinkage values as
may be applicable to lunar mobility requirements.

These analytical expressions can then be com-
pared with the results of controlled experiments
either on earth (Ref. 4) or on the moon (Refs. 1
and 5), using, for example, the Soviet Lunokhod-1
lunar roving vehicle mobility system.



III. SCLUTION APPRCOACH

The solution approach to the soil-roller inter-
action problem is based on the application of the
theory of plasticity to soil mechanical problems.
The governing differential equations of equilibrium
{Ref. 6) and velocity compatibility along the slip-
lines (Ref. 7) are solved as a mixed boundary
value problem connecting stresses and velocities.
This problem is concerned with a quasi-static,
steady- state, two-dimensional plastic flow with
soil assumed to behave as a rigid perfectly plastic
material. The soil is granular in character with
strength properties defined by the Mohr-Coulomb
theory of failure, which depends on the soil angle
of internal friction ¢ and cohesion ¢. The soil
strength properties are isotropic and homogeneous
throughout the plastic domain up to and including
the soil-roller interface.l Soil self-weight is
specifically considered.

The problem of rolling contact between a rigid
towed cylinder on a plastic deforming horizontal
half space was investigated theoretically by
Marshall (Ref. 8) for a Tresca material, applying
a perturbation method of solution. Dagan and
Tulin {Ref, 9) studied the steady flow of a rigid
plastic clay beneath a driven cylindrical roller on
a horizontal half space, using the method of slip-
lines. Experimentally, Boucherie (Ref, 10) ob-
tained photographic flow patterns produced by
towed and driven rigid wheels on a supporting bed
of packed metal rolls (Fig. 1). Wong and Reece
(Ref. !l) performed a series of tests on level
sand surfaces, acted upon by rigid rollers and
wheels for various loads, slip, and skid combina-
tions. Using photographic techniques, they pre-
sented and commented in detail on the character
and patterns associated with soil failure due to
rolling loads.

To date, all known complete solutions of un-
contained rigid perfectly plastic flow problems
consist of selecting an appropriate slipline stress
field and then verifying whether or not the bound-
ary and the field velocities are also satisfied
throughout. If not, a new stress slipline pattern
has to be tried (Ref. 12). Obviously, this pro-
cedure is rather limited regarding the boundary
velocity functions which can be considered other
than simple uniform ones.

Here, instead, an inverse procedure has heen
adopted., First, a compatible soil-roller velocity
field of characteristic lines is generated which
satisfies the roller boundary velocity conditions,
then to this field is adjoined a stress domain that
satisfies all the remnant boundary conditions.
That this is possible is based on the fact that
velocities and stress characteristic lines are

coincident {Ref. 7} if the former derive from the
theory of plastic potential (Ref. 13). To the
author's knowledge, this is the first time a prob-
lem of mixed boundary values in the theory of
plasticity is solved for both stresses and veloci-
ties by satisfying first the velocities rather than
the stress conditions.

This method considerably facilitates the
search for a complete solution. Also, this ap-
proach may be found useful in the study of metal
forming and tooling operations and other soil me-
chanical problems which are accompanied by vari-
able interface friction and complex moving plastic
boundaries. There exist infinite stress field pat-
terns which can satisfy equilibrium. In addition,
completeness of a solution is defined only when
(1) the kinematic compatibility conditions are also
satisfied, (2) the dilation rate is positive through-
out the plastic domain, and {3) at no point of the
rigid domain do the stresses exceed yield, Itis
reasonable to expect that if the problem is well
posed and a solution is found, the results ohtained
will coincide with a possible matching experiment.

The sequence of the study reported here is as
follows: In Section IV, a velocity flow field pattern
is selected and validated in accordance with experi-
mental evidence of rolling tests on horizontal soil
surfaces. These results are generalized to slopes.
The kinematics of slip and velocity boundary con-
ditions are analyzed as they relate to the soil-
roller interface. These velocities are then prop-
agated throughout the plastic domain. In Section
V, a summary of the plane strain theory for rigid
plastic solids is given. The slipline fields de-
fined in Section IV are used to determine soil
limiting stresses. Soil reactions and moments
are calculated by considering soil weight., The
quasi-static equilibrium equations are defined and
the soil-roller interface stresses are evaluated.

In Section VI, the results of Section V are
synthesized into a system of equations whose solu-
tion is the basis for the complete solution of the
soil-roller problem. The total torque, energy,
and roller sinkage equations are formulated, A
general definition of the factor of safety against
immobilization is introduced. The computer pro-
gram is applied to soil-rigid wheel test results
which are numerically compared to illustrate the
use of the method and to verify its prediction
capabilities.

Finally, the theory is applied to the Apello
lunar roving vehicle (LRV) and the Soviet
Lunokhed-1 wheels operating on the lunar surface
to estimate their mobility performance.

l1f the soil-roller interface constitutes a material strength discontinuity, particularly if the interface
friction and/or adhesion properties are different than the corresponding soil-properties, then the local
orientation of the sliplines is dictated by the relative soil-roller interface mechanical properties.
There is no theoretical difficulty in accounting for this fact in the analysis in terms of either one or
both factors, adhesion or friction, as long as the strength discontinuity is represented by a Mohr-

Coulomb relationship.

4
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Iv. SOIL-ROLLER KINEMATICS

A, Problem Statement

The roller moves with uniferm velocity Vg
parallel to the original undisturbed soil surface
(Fig. 2). The surface slope angle ¢ is measured
positive in a counterclockwise sense from the posi-
tive x-axis. The rotational velocity w (rad/s) is
positive clockwise. An orthogonal Cartesian coor-
dinate refercnce system (x, z) is adopted with ori-
gin at the roller axle center C. The positive
z-axis ig oriented down, parallel to the local grav-
ity vector. As a steady-state process, the kine-
matics of the roller is described by the position of
its center of instantaneous rotation I{X, Z}, located
along a line passing through C and normal to the
original surface.

-Rs, sina (Y

X
i

Nj

= Rsk cos « (2)

The translational velocity of the roller center C is

Vc = szk (3})

where sy = slip factor and Rsy defines the position
of point [ with respect to C. In terms of displace-
ment, 8% is an index number which, for a full
wheel turn (2w rad), indicates the axle displace-
ment as a fraction of the developed wheel perim-
eter length. For a driven roller, 0 £ s = 1.0.
Limiting conditions are:

0and Vg = 0.

{1} Pure rotation, sy =

(2) Pure translation, s = 1.0 and Vo = wR.

The roller kinematics may alsc be evaluated,
based on the knowledge of the rotational velocity
wand the translation velocity Vi, by following the
definition of slip,

§ = = 100 {4)

where V = wR = roller peripheral velocity. It is
verified from g, {(4) that, for driven rollers

s > 0, the roller slips. For towed rollers,

s < 0 and it is said that the roller skids., Based
on Eq. (4), s = 100% slip for pure rotation and

s = 0% slip for pure translation,

This type of motion description was used by
Poletayev (Ref. 14) and by Onafeko and Reece
(Ref. 15) in the study of rigid wheels on level ter-
rain {0 = 0). Here, this motion concept is gen-
eralized to slopes where @ =2 0. The problem is
now posed as follows: Given a semifinite soil sur-
face slope o, possessing the unit volume weight v
and strength properties defined by the cohesion ¢
and the friction angle ¢, loaded by an infinitely long
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rigid roller of radius R, carrying an axial weight
W and pulling a load P¥ per unit roller width b
parallel to the original slope, determine the

(1) Operational slip factor sy which defines
the limiting equilibrium condition that
permits the roller center C to move with
uniform velocity V¢ (FEq. 3).

(2) Driving torque M capable of sustaining
the velocity V.

(3) Plastic failure pattern and state of stress
that satisfy the kinematic, stress, and
geometric boundary conditions.

(4) Roller sinkage z measured normal to the
original surface.

(5) Specific rolling energy required per unit
surface normal load and unit distance of
travel.

(6) Safety factor with respect to roller im-
mobilization, which occurs when the slip
factor 8. = 0, for a given slope a.

This study does not apply to the initial stages of
rolling motion, and to conditions following roller
immohbilization. In the former case, inertial
forces predominate and in the latter case, con-
tinued sinkage takes place. Both cases are asso-
ciated with unsteady conditions. This study con-
siders the problem of soil-roller interaction only
under uniform operating velocity conditions up to
and including immobilization.

B. Soil-Roller Velocity and Boundary Conditions

As mentioned, Wong and Reece (Rei, 11) and
Boucherie (Ref. 10) have revealed the general
nature of the soil failure pattern associated with
rigid driven rollers and wheels moving on level
soft surfaces at various slip and loading conditions.
This photographic evidence indicates (Fig. 1}):

{1} Typical leading and trailing plastic re-
gions are formed, each, respectively,
moving fore and aft of the advancing
roller.

(2) Both flow regions tend to meet at a com-
mon point M on the roller rim surface.

(3} Soil sinkage increases with increasing
loads and slip.

{(4) The roller leaves no rut due to local sink-
age. This means, after the passage of
the roller, the soil surface fully recovers
due to backward soil transport produced
by the advancing roller.

{5} The relative sizes and pattern of the soil
leading and trailing plastic regions de-
pend on the kinematics of soil-roller in-
teraction. At 100% slip, the leading plas-
tic region disappears, leaving only the
trailing plastic zone (Fig. 3).



In the following, the theory of sliplines is
applied to soils for rolling with plastic flow. The
leading and trailing plastic regions are identified
by M(ML)EFL and M(MNJ)ABN, respectively (Fig.
43). The corresponding lines M(ML)EF and M{MN)
AB are considered to be first and second charac-
teristic velocity discontinuity lines, respectively,
separating the lower stationary rigid region from
the plastic deforming cne. These two character-
istic lines meet the soil-roller interface point M
at an angle (n/2) - ¢. It is assumed that the soil
point M is at rest relative to the roller and that it
pertains to the rigid stationary domain.

The coordinates of a point i on the roller rim
are given by (Fig. 5)

x. = Rcos (@ + §1) (5)

N
1

R sin {o + §.1) 6)

The corresponding absolute velocity components
parallel to the coordinate axes x, z are,
respectively,

u_ ., = wlz, - Z) (7}
u ;T w®-x) (8)
The resultant velocity is

V., =yfu” . +u” . (9)

o, = tan~)[ozd (10)
t Yy, i

Next, the rim boundary velocities will be re-
lated to the soil flow in terms of the slipline veloc-
ity components along the soil-roller interface.

When the soil stress-strain law is derived,
applying the concept of plastic potential, Drucker
and Prager (Ref. 13) show that the relative par-
ticle velocity along a velocity discontinuity line is
oriented at an angle ¢ to the line. This concept
will be used here to construct the plastic
configuration.

At the bifurcation point M, the corresponding
trailing socil particle is subjected to a velocity
component Vi, tangent at M to the discontinuity
slipline M(MN) and equal in magnitude and direc-
tion to the roller rim velocity Va,. From Egs. (9)
and (10}, for rim pointi = M (Fig. 5},

= -V, (11)

u

~ B -1f{7z, M\ _ .,

pM = tan (—-——u ) = GM (12}
x, M,

The negative sign in Eq. (11} is consistent
with the sign convention that a positive velocity
component along the first slipline, when rotated
through an angle {w/2) + &, produces a positive
velocity component along the second slipline (Ref.
7) (Fig. 6b). It is of interest to note that Wong
(Ref. 16) postulated that the trajectory of the trail-
ing soil particle at the bif\llrcation point M coin-
cides with the direction 6M of the trailing slipline
at M. Here, the adoption of a velocity component
VM, instead of a resultant velocity as referred to
by Wong, is due to the fact that the latter must be
oriented at an angle ¢ to the discontinuity line to
comply with the requirements cf the theory of
plastic potential. Consequently, the trailing soil
particle velocity resultant at M is

(13)

Continuity conditions at the soil-roller inter-
face dictate that the radial velocity component of
the leading soil particle at M must be equal to the
radial velocity of the roller rim point M. Then,
the leading s0il particle radial velocity component
(Fig. 5)is

VM,R = VM cos (o + E’M - ﬁM) = VM cos AM
(14)
where
AM:Q’-}-gM-pM (15)

and the corresponding velocity resultant is
vy sec |6, - @+ £ )+ | (16
M M, R M M

The velccity compeonent along the first slipline at
M is

cos ¢ (17)

The angular orientation of the first slipline M(ML)
at M is

e = 8

M i\/1+ - (18)

rol=

Equations (11) to (18) represent the soil velocity
boundary conditions at the plastic bifurcation point
M.

The validity of the theory of plastic potential
to define the soil strain rates and the assumption
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regarding the boundary velocity condition (Eqs. 11
and 12) have to be properly justified on an experi-
mental basis. The former was adopted hecause of
its rather simple application, and the latter ap-
pears to represent a reasonable fact.

C. Velocity Fields

The plastic failurc pattern configuration is
further postulated as follows (Fig. 4): The trail-
ing region is divided into three plastic zones,
M({MNIN, N{MN)A, and NAB, identified as the
active, transition, and passive zanes, respectively.
The same applies to the leading plastic region for
zones M(ML)L, L(ML)E, and LE¥, respectively.

1. Active zones. As mentioned previously,
the sliplines M(MN)AB and M(ML)EF separate the
rigid stationary boundary from the plastic deform-
ing one., $Since a boundary at rest must have a zero
local normal velocity component, the velocity must
be inclined at an angle ¢ to the discontinuity line.
Along M(ML)EF, the first slipline discontinuity,

v' = 0, and along M(MN)AB, the secand slipline
discontinuity, V* = (. Since both these discon-
tinuity lines start at rim point M, the resultant

soil particle velocity at point M (trailing zonce) is
(Fig. 5)

v a
T _ M M
VM T Cos R O ¥ (19)
where
a
M
M " Tosé (20)
and
=[xy - 0%+ —)2]1/2 (21)
aM»[xM-x (ZM—Z

From Eq. (20), when ¢ = 0, ryf = apq and Iy coin-
cides with 1 and the trailing spiral slipline trans-
forms into circles centered at T,

The resultant velocity of the leading soil par-
ticle at M, based on Eqs. {l4) and (15), is

L _ _ -
VM = VM cos AM = Wayg cot AM = Wy
{22}
where, as shown in Fig, 5,
?M T Ay cat AM (23)

Expressions (19) and (22) indicate the transforma-
tion of the rim velocity Vs into the corresponding
s0il particle velocity at the roller interface point
M. Particularly when

™
s, = 0, A =3

M- Py
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then, from Eq. (23), Ty = 0, indicating that there
is no leading failure zone, which is verified from
tests (Fig. 3) and is schematically shown in Fig. 7.
These velocity criteria produce, in general, a tan-
gential soil velocity “jump'* at M, which may be
obtained by projecting the velocities, Fgs. (19) and
(22), along the roller tangential direction at M,

Next, we discuss the nature of the remaining
soil-roller interface velocity conditions and the
plastic domain. The governing velocity equations
that refer to the first and second characteristic
lines, as determined by Shield (Ref. 7), are

dVs - (Vi tan & + V' sec ) d8 = 0 (24)

dV' + (V'tan g + V% sec &) d8' = 0 (25)

Applying Eq. (25) to the trailing zone discontinuity
line, with V* = 0, yields

dV' + V'tan & do' = O

v X
4. e Ky
VM Om

Vvt oz V:N[ exp [(B-'NI - 9') tan ¢] (26)

which, with Eq. (19), reduces to

V' = wcos $ Tt EXP [(ell\/[ - 8'Ytan ¢] (27)

Equations (26) and (27} indicate that the velocities
along the discaontinuity line M{(MN) vary exponen-
tially and that they relate to a logarithmic spiral
function

rosoryexp [tan & (BM - 8] (28)

The coordinate positions of the trailing spiral
pale Il (=}, 71) are (Fig. 5)

{29)
(30}

with (xM, zys) given by Egs. (5) and (6) for i = M
and 8)f given by Eq. (18}, Also, for the leading
zone along the spiral velocity discontinuity line,
M{ML) is from Eq. (24},

Vi = Vi exp[(6 - 8,0 tan ) (34



From Fgs. (I7) and (22}, Eq. (31] reduces to

Vi - weos ¢ Fyoexp [(8- 8, )tan ¢]  (32)

which applies along

T o TT\I oxXp [EO - GM')tan dfz] (33)

The coordinate positions of the leading spiral pole
IZ(YZ, 7&) are

Xz, Xyg m Tyg cos 6;\/[ (34)
z 4 T sin 8,
2 M h M (35)

Equations (26 to {35} yield the geometry of the
velocity distribution aleng the trailing and leading
discontinuity lines. They indicate also that the
velocities along these discontinuities correspond

to rotations about the poles 1] and T, respectively.

The geometrical character of the poles Ty and
T2, interms of the relative variations of sy and
£y may be graphically described with reference
to Fig. 8 as follows:

(1Y Given a point M on the roller rim with
Eyg > T/2 and 0 £ s £ LG, the locus of
all corresponding trailing spiral poles I,
{Fqs. 29 and 30} defines a straight seg-
ment T ol orientecd at an angle (m/e) - )
to the x-axis. The extreme points T and
T1 of this segment correspondto s - 0
and sy I, respecvtively. Any interme-
diate point between T and T pertains to
an sk such as 0 < sy < 1.
the poles T) and TZ are always Jocated in-
side the roller periphery. The guadrant
position ole is given by

— _1 X

Fy o= cosT [ (36)
%% + ?d
T

A similar expression applies tn?z for EL
{Fig. 5). In general, it may be verified
that, for s, £ R sin &M,

o

ViA

i

(37)

(2) On the same basis as in (1) above, Tig, 8
indicates that the focus of all correspond-
ing leading spiral poles I, (kqgs. 33 and
34) defines a curve MM where M and My
relate to sy = 0 and sy = 1.0, respec-
tively. In general, points M and M) are
always located on the rotler rim. Any
intermediate point between M and My
corresponds to sy such as 0 < IS 1.0,

For £ > n/2,

Point My at ‘E'Ml 3m/4 remains fixed
under all conditions of rolling without
S]ip (sk 10y

(3) There is a conformal geometric relation-
ship of €1 and the TpTy lines. When
point M shifts along the roller periphery.
the segment ToT | moves parallel to it-
self., Thus. for increasing (or decreas-
ing) §M. the segment TpT| moves closer
to {or further away from} the roller cen-
ter C.

The locus of poles 1| for s = constant
describes a servies of circles with radius
Rk = R tan ¢ (Fig. 9). The center of
these circles are located along a line
COCI. g eriented at an angle {m/2) - $ to
the x-axis. Along this line. the center
marked C| pn corresponds to the circle
with s = 1.0 and the center Cp = C lo
the circle for which sy = 0. The center
of a generic c¢ircle corresponding to any
0 < sy < 1.0 will be located proportion-
ally between points CoC g as shown in

Fig. 9.

{4} Given a fixed slip-factor sy, an increase
{or reduction) of &y correspondingly
produces an increase (or reduction) of
both spiral radial vectors ryg and Fyg.

(5) When £~ is fixed, an increasce of sy pro-
duces a reduction of rag and Fyg.

The geometrical implication of the above
statements relates to the basic fact that the Jimit-
ing soil stress and spiral orientations {vcharacter-
istics) are controlled hy the relative position of
poles Ty and 1. as defined by the paramefric set
éM and sy, In Section V, it will be shown that
once the equilibrium equations and stress boundary
conditions are salisfied, the final magnitude of the
soil stress will also relate directly to Eyq and S
in terms of rag (Fg. 20) and Ty (kq. 23).

Next, consider the active plastic domains be-
tween Lhe soil-roller interface and the discominuity
lines M{MN) and M{ML). which are fully described
by a set of radial and logarithmic spiral character-
istics with poles T} and Tz, respectively. First, it
will be shown thal the soil-roller velocily boundary
conditions are also satisfied.

As mentioned at the beginning of this section.
V# -~ 0 along the trailing velocity discontinuity
slipline spiral M{MN). The corresponding inter-
secting first sliplines are radial lines through the
spiral pole T; based on Eg. {25). V¥ - O through-
out the active trailing none. This implies that at
a point 1 on the soil-roller rim interface (Fig. 10},
the resultant soil particle velocity Vi must be nor-
mai to the radial sliplines. Then, the velocity
component along the spiral second slipline through
point i is

Vi o — ' cos s (38)

and

Y o0 {3%%)
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@i:p-i_ei‘{”tyi F—”i'oiJrE {(+0)

with V, obtained from Eg. (3) and §; from Eq. (10}

and
- Zz
8. - tan S (41}
i LS|

The velocity of any soil particle (ij) located at
a point | along a generic spiral slipline passing
through rim point i within the trailing plastic do-
main (Fig, 10} is

Vij = V; exp [(6.1 - ei..])tan ¢] {421

and

Vi 0 [43)

Following the same continuity criteria set as
for the leading soil particle at the bifurcation point
M {Eq. 14}, the radial velocity component of the
soil particle at any point I along the leading soil-
roler interface (ML), Fig, 10, is

Vi,R - VI. cos (a1 gi _ ﬁi) (44)

where
_— Vi, R €08 & -

i cos [ei_ (Q+Ei)“ﬂ
Using Bq. (44) and 8 + ¢ = 8' + n/2, Fq. (45) re-
duces to

Vi oe (_U_HBM g 16
i is'\n(n+gidei)toh¢ (46)

alsa,
v L0 (G47)

I'or a soil particle {1j) located at point j along a
spiral slipline passing through rim point i,

V” = V¥ exp ]}aﬂ ¢ (Bij - Oi]} {(+8)

and

vio- o0 (491

The active rone velocity expressions (42},
(43), (48), and (19) extend up to and including the
points along the radial lines N{MN) and T.{(MT.).
Thus far, the ¢characteristic lines and velocities
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pertaining to the active leading and trailing zones
have heen completely defined, It has also been
established that the velocity of cach point on the
roller rim can he translformed inte an equivalent
admissible velocity along the corresponding slip-
lines that intersect the point. In particular, the
velocity orientation of any point on the soil-roller
rim interface, with respect to its center of in-
stantaneous rotation I. may also be defined in
terms of the spiral pole positions (%1.7)) and
T2(%2, %) for points along the arcs MN and ML,
respectively.

The locations of poles Tl and fz are functions
of the velocity boundary conditions, described by
sk and 3. Instead the location of rim points N
and I. can only be obtained in connection with the
solution of the stress equilibrium eguations.

These equations allow the determination of the cx-
tent and configuration of the plastic domain by
specifying a final set of slipline directions consist-

ing of (Irig. 4)

]

i 1] I
{BLO’ 6.1 v B BNO}

which will be calculated in Section VI-A.

The velocity field determined thus far satisfies
the soil-roller velocity boundary conditions and the
velocity field equations (Eqs. 24 and 25). Their
detailed numerical evaluation is not a prerequisite
for the solution of the limiting stress equations,
but their existence is important to the correct
statement of a “complete solution™ within the con-
text of the theory of plasticity (Ref. 12). Further-
more, the existence of an admissible velocity field
must also satisfy the postulate of positive rate of
dilation (Appendix).

Points N and 1. are singular points on which
the velocities are multivalued., At these points,
the soil-roller rim interface separates itself from
the trailing and leading traction-free soil surfaces.

Rim points {NN) and {LL) correspond to slip-
tines N(MN} and L(MIL.}, respectively, and as such
both pertain to the soil-roiler interface. Points
(NQ) and (1.0} correspond to the characteristic
lines NA and LT separating the transition from
the passive zones and belong to the traction-(ree
trailing and Jeading soil surfaces, respectively.

The geometry of the characteristic lines

M{MN)} and L{MLY} are determined by

x - X

MN N
ro. N (50)
N cos BNN
and
X - X
: VLo
where
N N torgORp [(BNI— ON,\I) tan &l cas BNN
{521}
]



XL ¢ O*L + FM exp [(QLL - 61\1) tan ¢] cas BLL with cm')rdmates x,i ohtained from Eqs. (5} and
{6) for i = Nandi = L.

(53)
and
Z.. - Z
Oy = N . (54)
N FL 2, Transition and passive zoncs, The char-
and acteristics of the transition and passive ~ones
{I'ig. 4) are calculated after the soil-roller equili-
o1 7L EZ brium conditions corresponding to the active zones
e'LL = tan ﬁ {55) are satisfied., This will be referred toe again in
L 2 Section V-B-3 and in Fart IT.
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V. SOIL-ROLLER EQUILIBRIUM

A. Limiting Soil Stress Tield

An admissible velecity characteristic field
has becn defined that satisfies both the velocity
boundary conditions and the governing diffcrential
equations for the velocities. When the velocities
are derived from the yield stress condition accord-
ing to the concept of plastic potential, the stress
characteristics coincide with the characteristics
of the velocity (Ref. 7). The problem now is to
associate an admissible stress field that satisfies
the equilibrium conditions along the velocity
characteristics.,

The limiting state of stress at a point occurs
when the Mohr circle of stress becomes tangent to
the soll strength envelope line defined by the
Coulomb farmula v = ¢ + ¢ cot ¢, where ¢ is the
cohesion and ¢ the soil angle of internal friction.
In terms of the point stresses oy, o,, and T,,,
considering compression stress as positive, the
Coulomb yield criterion for soils is (Ref. 17)
(Fig. 6a)

1 )2+T2 1/2 _1-(
Z(u.x'o—z Xz - Ty

+ (rz) sing - c cosd

{56)

Neglecting inertia forces, the stress equilib-
rium equations in Cartesian coordinates x, =
satisfy the condition

agx aTXZ
— - 5
ax * gz 0 57)
30’2 asz
a7 + ax ¥ (8)

Equations (56 - 58) represent a statically deter-
mined problem and constitute a hyperbolic system
having two families of characteristics as sliplines.
Any point in the physical plane is crossed by a set
of two sliplines, each inclined at an angle p = w/4
- &/2 to the directions of the major principal
stress o) (Fig. 6). The first slipline is conven-
tionally identified by a counterclockwise rotation
p from the ¢) principal stress direction. The
angular direction of the first and second sliplines
are defined by 8 and 8 measured positive in a
counterclockwise sense from the x and ¢ axis in
the physical and stress planes, respectively. The
yield condition {(Eq. 56} is satisfied if the state of
stress is expressed by

o = p[l + sin ¢ sin (28 +¢)] - ¢ cotd {59)

o = p[l- sing sin (20 +)] - ccotd (60)

zZ

T = p sin cb-cos (26 + @) (61)

Xz
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where p is the reduced mean stress parameter
defined by

g, - 0T

1 2

12 1 )
P = 2 sin¢ Z(Ux+q—z)+LCOt¢20 (62}

To completely define a limiting state of stress at
a point (x,z), it is sufficient to know the stress
parameters p and 8. Substituting Eqs. (59 - 61)
in Egs. (67) and (58) and adopting s and s', first
and second sliplines, respectively, as a new set
of curvilincar coordinates, the partial differential
equations of limiting equilibrium are obtained
along the characteristics (Refs, 6 and 19);

de :
—?rg + 2p tan ¢ 35 - Ysin 0 +¢) (63)
3 88
ﬁ-ZptandaaT_,, =y sin (08 - ¢) (64)

Although during plastic deformation the soil den-
sity decreases (Appendix), it is assumed in Eqs.
(63) and (64) that y remains constant.

B. Stresses Along Sliplines

Using the Mohr limiting stress circle, the
normal stress o and shear stress T at any point
along a slipline may be expressed by

T = p[l + sin ¢ sin (20 - 28 + d:')] - ccote (65)
T - psindg cos {20 - 251 + &) (66}

where @ is the direction of the slipline normal
through the point under consideration. In particu-
lar, along a first slipline

2 -8 -¢ (67
and along a second slipline
Q 8+ (o3}

Substituting Eq. (67) or (68) in Fqgs. (65) and (bo),
the general state of stress along both familics of
characteristics are defined by

T - p cosZ o - ¢ cotd {o)

T ip sin & cos P (r

The plus sign in Eq. (70} indicates that the stress
resultant at the poitnt is rotated countercilockwise

Il



with reference to the local normal. In what fol-
jows, the corresponding p values in Eqs. (69) and
{70) will be defined along the sliplines L{ML),
(ML)IM. M({MN}, and (MN)N, and the stress along
these sliplines will be used to e¢valuate the corre-
sponding soil reaction forces.

1. Stress parameter p along sfraight slip-
lines. Allernate equilibriwm equations are ob-
tained setting ds = dx/cos @ and ds’ = dx/cos 8°
in Eqgs. (63} and (64):

p + 2p tan & d0 v dx (tan @ 4 tand) (711

P - Zp tan ¢ d8 v dx (tan €' - tan ¢} (72)

Expressions (71) and (72) will be used to deter-
niine the stresses along the straight sliplines
N({MN) and LL{ML), respectively. Since 81,7 and
ByN are constant, d8 - d€' - 0, and Eqgs. (71}
and (72) reduce to

dp - ydx {tan 8 + tan ¢) {(73)

dp -y dx (tan 8‘I - tan d)) (71)

Intepration of Fqgs. (73) and (74) gives, respectively,

p - yltan 6 +#tan o)x + C (75)

p = y(tan 6' - tan ¢)x ¥+ C (76}

To determine the constant of integration at rim
point (LI}, x = xp. © 6;.1- and p = pj . then

oL - a: -

C PrL yitan NN tan ¢>):~<L
Fo—r rim p(;]i'lnt (NN). x = xy. 8 - Oy and
P PaN’ en

© PN + y{tan ONN + tan (b)xN

For point iIML) along L{MIL), x = x and

ML
Pap, Py Fov(tan 8p g - tan dllog - oxp )
Pir + /_\pML (77)
where
: N _ z 0
APML vyitan BIJL tan @) (XML XL) (78)

Similarty. for trailing point (MN) along the slip-
line N(MXN), x Xag N and

PN T PN + y{tan GNN 4 tan tb}(xMN - ,\‘N)
- A 79
Pan T 2P (79)
where
T > .
APMN yitan SNN T tan &) (\MN - \(N) Z 0 (80

Both points L and N constitute sinpular stress
points around which the stress are multivalued,
cach represcnting geometrically a limiting first
and second characteristic lines, respectively,
having zero radius of curvaturc. When poiuts L
and N belong to the soil-rim interface side. they
are identified as (L1) and (NN). If these points
betong to the traction-free soil surface, they are
identified as points (LO) and (NO), To completely
determine Egs. (77) and (79}, it is required to
define the value of py v and pyy.  Applying kg,
{71} to point L,

dp - -Zp tan g d@

Inp - -2 tan $6 i CO

For point {LO). with 8 - 87 4 and p : p; . we

obtain
C.('j s dnp gt 2 tan d:OLO
and
m;IiLO = 2tan ¢(8, - 0)
For rim point (LL). with & - BL[‘, P Pr e and

Pl " Pro exp [(BLO_ S tan¢:| (81}

Similarly for rim point (NN},
pNN PG ©XP [(HNN - GNO) tan cb] (82)

The stress parameters pyp o and pyo are deter-
mined, considering a passive failure condition.
Since the soil surface is frec¢ of stresses, o =
Tg = 0, then from the Maohr circle of stress,

¢ cot ¢
l - sind p0

Pro ~ Pno (83)

According to Fgs. (77} and {79), the siress param-
cter p varics linearly with depth; consequently,
we can operate with average stresses along

L(ML} and N(MN) sliplines. The average stress
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paramcter p; along the leading slipline segment
I{ML). using Eq. (77). is

4ap
_ ML
PL o PLnLt T (84)

where Apyg, is given by Eq. (78). The corre-
sponding average normal and shear stresses
within the second slipline sepment (ML}, using
Egs. (69) and (70), arc (Fig. 13)

EL . -ISL cosz ¢ - ¢ccot o £85)

sin ¢ cos ¢ (86)

LB

L L

The stress parameters ppn at (MN) must be the
samce when approaching point (MN) either along
the slipline M{MN) or along the gpiral M{MN).
Thus, the average value of the stress parameter
pN corresponding to the slipline segment N(MN)
is

APMN

Py PumN - T 87)

with py given by Bg. (79) and Appgg by Ee. (80},

The corresponding average normal and shear
stresses within the sccond slipline segment N{MN)
are (Fig. 13)

= — 2
a i cos

N Py ¢ -c cotd (88)

N ¢ Py sin ¢ cos ¢ (89)

2. Stress parameter p along spiral slip-

lines. To determine the stresses along the spiral
L T
P
cos ¢

Integrating,

L M

E 2

° (9 tan & + 1) cos

When ' = 0] |, péj =

sliplines. multiply Eq. (63) by cxp [8 tan ¢] and
Eq. (64) by exp [-e tan d)] and express p in inte-
gral form along the first and sc¢cond character-
istic lines, respectively (Ref. 6):

p - voexp{-2tan ¢8)

- . sin (8 + ¢) .
xft:\p{(z fan tbe)]—m-—ds + C (90)

P oy oxp[{Z tan 479)]

Xfexp [(-z tan 4)6)]&"—53 ds' + ¢ (91)

cos ¢

where ds and ds' are the elemental arc lenpgths
along a first and second slipline, respectively.
To determine the state of stress along the spiral
sliplines, adopt as positive directions of the
characteristic spirals the ones which relate to
decreasing values of 8 and 6' (Fig. 11). Ex-
pressing ds and ds' interms of its radius of
curvatures p and p', for the trailing M{MN)
spiral, we get

r,,exp ((6,, - 8)tan ¢
ds - -pdf - - [On ]de (92)
cos ¢

and, for the leading (ML)M spiral,

T exp (6. - B)tand
_M"P[M an]de,

1o Lt
ds pt de! cos ¢

{93}

Replacing Fg. (92) in Eq. (90) yields the stress
parameter pél along the leading spiral as a func-
tion of B:

s - —NZL— exp [-(Ze‘ + ei\/[) tan ¢] fexp [(39‘ tan ¢):l cos 8' dB8' + C

- - - [ﬁ(ze' 18 ) tan ¢] {cxp[{fJB' tan ¢)](3 tan & cos 8' + sin e')} FC o (94)

PML and the constant of integration is

L t 1 : : ' L
C DL + CS exp [(zeLL - eM) tan d}] (3 tan ¢ cos eLL + sin GLL) Py { Cl (95)
where
yr
el it (96)
| (9tan” ¢ + 1) cos™ &
TPL Technical Memorandum 33-477 13



Replacing Eq. (95} in Eq. {94} results in

pi_‘ - PML + C'IL - Ci" exp [(0' - ei\/l) tan ¢'}(3 tan & cos 0’ + sin §')

To cbtain P setting in Eq. (97} €' = ei\d gives

L L
+Cy '+ 5in 8
Cl Cs {3 tan ¢ cos GM + 5in 8, )

PM 7 PMmL M
with
ck . 3 tan ¢ cos 8! + sin 6]
M M M
and
L L1
Fy o= Cl - CS CM

Equation (98) reduces to

Pm " PmL T3

Also, with Eq. (77},
Py - P APy TEs TPt Ry

where

¥ ¥

g = APpmp T T

Similarly, replacing Eq. (93)in Eq. (91), the siress parameter pz along the trailing spiral is

T v
p, = ——£%p [(26 + QM) tan ¢:| fexp [-36 tan ¢] cos 8 db + C
cos ¢ :
Integrating,
T Y
p - 5 5 exp [(29 q QM) tan ¢] exp[(fzve tan ¢):'(-3 tan ¢ cos 6 + sin 8) +C
s (9tan & + 1) cos™ &
Wh g = T and the c stant of inte ti i3
en @ = GM, P, = Py and the constant of integration is
cC = Pap - CFSI‘(-S tan ¢ cos BM + sin 6M) S Pyt C;r
where
Yr
Gy - ;T
(9 tan”" ¢ + 1) cos™ o
and
T LT .
('1 = Qs(-3 tan¢ cos GM + sin GM)

Replacing Eq. (106} in Eq. (105) results in

T T .
P Py - ©p H g exp [(GM-O)tan ¢}](-3 tan ¢ cos 8 + gin 6)

(98)

(99)

{100)

(101)

(102)

(103}

(104)

(105)

(106)

(107)

(108)

(109}
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To obtain pysn, set 8 = By in Eq. (108):

T T . -
Pun © Py - €1 F G5 exp [(BM - B! tan 4:] (-3 tan & cos B0+ sin Oy 0} = Py + By

where

ZPMN - 'CIT n CST exp [(eM - GNN) tan ¢] (-3 tan ¢ cos GNN + sin BNN)

With Eq. (102} and based on Eq. (109),

PN

where F4 is given by Eq. (103), and

F]l :F4+ APMN

The last condition in Expression {112) insures
that point (MN} is at or below the ground surface.

The equations derived in this section will be
utilized to determine the so0il stresses and re-
actions that are considered in Sections V-C and
E, and VI- A,

3. Transition and passive zones (Fig. 4).
The stress characteristic lines corresponding to
hoth the transition and passive zones are deter-
mined by solving numerically the finite difference
form of Egs. (63) and (64), subject to their corre-
sponding boundary stress conditions.

The boundary conditions of the transition zones
relate to: (l) the stress along the characteristic
lines L(ML) and N(MN), respectively, and (2) the
state of stress around the sinpular points L and N
as defined in Section V-B-1. These stresses are
known from the solution of the soil-roller active
zones equilibrium equations in connection with the
stress compatibility conditions, described in Secc-
tion VI-A. For the passive zones, the solution is
obtained by extending the transition stress charac-
teristics into the passive zones, considering the
traction-free leading and trailing soil surfaces LF
and NB. This solution also yields the final de-
formed and statically correct configuration of the
soil surfaces LF and NB (Fig. 4).

The solution procedure and corresponding ap-
plications will be described in detail in Part II of
this study.

C. Limiting Slipline Directions

There exist definite limitations regarding the
values that the 0 parameters may acquire along
the soil-roller interface. It will be shown that
the solution of the soil-roller problem entails, to
a large extent, calculation of an admissible set of
characteristic directions at points L, M, and N
defined by

{e| 9! 'el

Lo L O O eNO} (114)
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LSRRIV VIt

(110)

(111)

F

Py FF 2R (112)

(113)

For any soluticn to a given soil-roller problem, it
must be verified that the values corresponding to
Expression (114) are within acceptable bounds.
Determination of these bounds is necessary not
only to validate the solution itself, but also to sys-
tematically initiate and objectively search for
solutions utilizing only admissible 8 values. Ob-
viously, the final set of Expression (114} is ob-
tained only after satisfying equilibrium and bound-
ary conditions. In general, the absolute bounds to
Expresgsion (114) result from considering the en-
velope of values originating from (1) the maximum
obliquity of the stress resultant as related to the
radial direction at the soil-roller interface, (2)
the maximum free surface slope as dictated by
either the local roller rim surface tangent or the
soil natural angle of repose, and (3) the stress
compatibility requirements along the transition
slipline zone. FEach of these cases are considered
next.

1. Scil-roller interface — maximum stress
obliquity. At any point along the soil-roller inter-
face, the shear stress T and the reduced stress
¢+ c cotd define a stress resultant

?

&

aq_ = [‘rZ + (a'+ccot¢~)2]l/

r

(115)

The obliquity angle 6 of q, is measured positive
for a clockwise rotation relative to the rim sur-
face normal (radial direction) and is defined by

5 - tan-l( T (116)

(I+£‘C0t¢)s¢

When & = ¢, Eq. (l16) indicates that one of the
sliplines becomes tangent to the roller rim sur-
face at the point under consideration. In this
case, for the trailing point (NNJ, with

< {117)

ral 3

By
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ef\IN:a+§N'¢ (118)

For the leading rim point {(LL), with
> 5 (119)
g’ = (?+EL+¢ (IZO)

The corresponding slipline directions for points
{NN) and {LL) arc defined by

_RS]D {a+§N)-zl (121)
NN R cos (o F gN) - B-El

tan &
or

_ I - .
eNN = éN +e - sin [R(Al cos eNN - X, sin BNN)]
(122)

and

Rsin(w+§ )7, (123)

tan 6! =
LL ~
R cos {a §L) - X,

or

- 11, —
' = ‘o - si - 05 B' - X !
0 ¢ @ - §in I:R(z2 cos %, sin @ )]
(124)

Adopting Eq. (118) in connection with Eq. {121}
and Eq. (120} with Eq, (123}, the limiting Oy
and 87 1, values for & = & are obtained from the
following quadratic equations:

+ ZRzl sin ¢ cos BNN

o~

2
; (R“ sin® ¢ - ;1) -0 (125a)

(’)Eé + 7?) c052 e‘LL " ZRZZ sin ¢ cos 6!

L
*(R‘i sin® & - ?‘g) -0 (125b)
When the discriminant of Eqs. (125a, b)
ﬁl + 7%
> R sin ¢ = (126)
2, 2
)(2 + ?Z

then each of the Eqs. (125a, b) yields two roots
6. 92, which relate to two distinct rim points gl’
&5, respectively, as derived either from Eg.
(118) or (120) as required. At these two rim
points the sliplines are tangent to the roller sur-
face. The decision on which root to adopt is
based on the condition that at no point along the
rim surface will the spirals cross into the rigid
roller body. Consequently the problem is to ver-
ify if hetween these two rimi-slipline tangency
points, the sliplines diverge inward to or outward
from the roller center. The condition precluding
the spiral sliplines to cross into the rigid roller
body depends on the relative dimensions of the
spiral radius of curvature to the roller radius R.
To this effect the radius of curvature at point N
must be

Typ CXP [(9 - 8 N ) tan ¢]

Pan cos :b i127)

With roots By 1 and By ;. such that considering
Oy, 1 7 BN, 2. it can be shown that if py ) < R,
then BN, 1 is the limiting direction. Thus, GNN =
ON 1. But if P, | » R, there is no geometrical
limitation ta the ‘position of point N along the rim
since all sliplines diverge outwards from the
roller rim. Similar criteria are exercised to
determine the limiting position of rim point L
when the spiral pole position satisfies Eqg. (120).
Here, in order to prevent the spiral from cross-
ing into the roller, the spiral radius of curvature
must be

Ty BXP [(GLL - ) tan 4:]

cos ¢ (128)

Pr.L

Wher})sok) = 0, from Eq. (21), apg = R and, from

In this case, Condition (127) is always satisfied in
the sense that the trailing spiral never diverges
into the roller body.

Graphically, Conditions (118) and (120) are
defined when the pole coordinates of T} and T,
(Fig. 13) are located at or outside a circle with
center C and radius R sin ¢, herein called the
"¢ circle. " Tangent lines are drawn from poles
Il and IZ which intersects the 9 circle at pomts Ty,
T, for pole T} and at points Ty, TZ for Tz. Inter-
section of these lines with the roller rim defines
the leading points L;, L, and trailing points N,
Np whose angles £7, &y satisfy, respectively,
Conditions (118} and (120). When I; or TZ coin-
cides with the ¢ circle, &1, = £y 7 and §N) =
gNz' then Egs. (127)and (128) apply.

When the discriminant of Eqs, (125a, b) is
negative, then the spirals will not cross into the
roller body. This corresponds to pole Tl Or-fz
being at or inside the ''¢ circle, '
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An admissible value of 67 ; must also satisfy
the conditions of Eq. (78):

xLHtan 8! -tan ¢} 2 0

AP ¢ Yy - LL

(129}

' . -
When BLL < /2, ( XL) > 0; therefore,

ML T

min G'LLE ¢ (130)

When sy = 0, ﬁM - &1, and xpf1, = %1, then there
is na leading plastic zone (Figs. 3 and 7). In this
case, Eq. {(78) reduces to AppML, = 0, and the
spiral M(MN) is tangent to the roller rim at M:

. _ ey - I
8\ o - eLL,eM a+§M-2 (131)

Also, Eq. (81) delines PLL ©
by Eq. (83).

pM = 1)0 as given

A similar analysis with reference to Eq. [83)
yields, for ¢ 2 0,

max @ - {132}

NN

In general, &y < w/2, which, from Eq. (121},
corresponds to

1 R cos a - El
6 = B e — :
NN tan ~Rsin o - X, (133)
Z. Free soil surface — singular points {LO)

and (NO). The limits of 8] iy and By are dic-

tated by the condition that the free surface slopes
at points 1. and N defined by ay y and ey can at
most be tangent to the roller rim surface. Thus,

T
QLOSQ+§L+E (134)
m
R (135)
Also when dealing with cchesionless soils (¢ = 0},

the freec surface maximum slope cannot exceed
the soil natural angle of repose. Therefore,

|
<

’QLOI < (136)

IQNO| < ¢ (137)

Obviously, if ¢ > 0, the angle of repose has no
significance since the soil is stable up to and

JPI. Technical Memorandum 33-477

including vertical slopes as long as the critical
height is not exceeded (Ref. 17, p. 152).

The transition plastic zone separating the
active from the passive zones may, in the limit,
disappear and allow the latter two zones to merge
side by side; therelore,

0 2 8

LoZ 8L (138}

BNO < BNN (139)

In terms of slipline parameters in general, with
p o= wi4 - $/2, Egs. (134) and {135) reduce to

Lo otk (140)
D’NO:BNO_“ 141y

Based on Eq. (l41), Conditions (134) through (139)
reduce, for cohesive soils {¢ > 0), to

I ' z g

o + §L+2 [T~ BLO z BLL (142)
.z = 86

a + EN Ctu NO £ NN {143}

and, for cochesionless soils (¢ = 0), with Condi-
tions (136) and (137},

T 4 - = 8! 2 - +
o - pz Bl 02 T - (k+) (144)
B-ds B sdiu (145)
3. Summary of absolute admissible bounds

for 8} O B‘[ %, GLI%’ and GJEIIQ. Recapitulating
ubsections C-1an -2, the limiting slipline
directions at points 1. and M are as follows:

For ¢ 2 §, from Expressions (118) and (130},

¢ <8 sa+f +é (146)

Based on Expressions (120), (132), and (133), we
obtain

-9 (147)

1 R cos ¢ - El
tan~ —_ (148)

-R sina - %

a+§N-¢59NNS

Between Conditions (147) and (148), the lower of
the two upper limits shown is selected.
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Expressions {146} to {148) apply to both cohesive
and purely frictional soils,

and 9 also de-
For c¢ > 0,

Admissible values of 87
pend on the soil characteristics.

—929' z Q'

Lo ® L (149)

a+§L+

ol

and

A

8 =8

=00 F B (150)

a+§L—

[(IE

And for ¢ = 0, it can be proved that Conditions
(149} and (150} alsc apply but subject to the follow-
ing limitations:

THd -z 0 LT T (@) (151}

and
p—chGNOsd;er (152}

For lunar locomotion (¢ > 0), then Expressions
(149) and (150} will generally apply.

Expressions (146} to {152) are incorporated
in the computer program to operate within a com-

patible range of stress parameters p and 6.

D. Equilibrium Equations

With the positive direction of forces the same
as the positive x,z coordinate directions, and
with applied vertical axle loads W and pull forceP
parallel to the terrain slope, horizontal cquilib-
rium conditions require (Fig. 11}

1, T
2X - H+H +Pcosa -0 {153)
and, for vertical equilibrium,
EZfWI]:+W;{+W+Psina;O (154)

where IIk, HE, Wk Wk are horizontal and ver-
tical forces corresponding to leading (L)} and
trailing (T) plastic active zones adjoining the soil-
roller interface arc I.N. Sub-indexk (=1,2,**)
identifies the possible existence of more than one
soil-roller solution for a fixed slip value sy and
various gM.

A driven roller moving over horizontal or
sloping terrains operates under self-propulsion
conditions when it transports only its axle weight
W (pull force P = 0). Under self-propulsion
there is no net soil thrust development nor soil
resistance to motion since tho lcading and trailing
forces halance each other (}I i IIE - 0). The
net effect of the interplay of 1131& se self-equilibrated

internal forces is to offset the pesition of the ver-
tical soil reaction to accommodate the rolling
torque M = My; instead, when P > 0 in Fq. (153},
the leading and trailing forces make up for the dif-
ference in allowing for P to become equilibrated.

Taking moments with respect to rolter axle

center C, with positive torques measured counter-
clockwise, moment equilibrium requires

M= mME s Ml M

I
[

{155)

where My is the applied axle torque, and MJ\‘

Mk correspond to leading (L) and trailing (T) mo-
ments produced by the mobilized soil strength

and corresponding soil weight. The above forces

and moments relate exclusively to the active zones

L{(ML)M and M{MN)N. Expressions (153), (154},
and {155) are further developed as follows:
L T L T
TxoompeHD s Mt
tPcos a = 0 {(156)

+wl W iPsine -0 (157)
k.y
e L L T . .T
XM - My M MMM
+Mkr¥ - Mk = (158)

The sub-index s corresponds to forces (or
moments) due to stresses along the spiral slip-
line M{MIL) and M(MN}. The sub-index p indi-
cates forces {or moments) due to stresses along
the straight slipline LL{ML) and M{MN) as derived
from hoth the transition and passive zones.
and Wy are soil weights within the confines o}%
the lea(ilng and trailing active zones M(ML)L and
M{MN)N, respectively. My and MEY are
moments due to Wiy and Wk,Y , respeetively,

To evaluate these forces and moments it is neces-
sary to determine the nature and extent of both
active plastic domains (Fig, 11}, their asso-
ciated stresses and corresponding soil weight
participating with the roller motion,

E. Soil Reactions

The horizontal and vertical force components
due to stresses acting along slipline L{ML)} are
{Figs. [l and i2)
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x - X
L - , - . ML~ L
Hk,p e (O'L sin GLL TL cos QLL) Tcos 61 b
LL
(159)
X - X
1 - = . ML L
- g a:
Wiep = =B cos Oy * Ty, sin 97 1) 255 I
(160)
where b is the roller width, and
.= N ) _ a8 1
ML < X2 + Ta €XP [(BLL BM) tan ¢] cos BLL
{161)
Xpo= R cos (o + EL) (162)
Replacing Egs. (161} and (162) in Eqs. (159) and
(160} and ordering terms results in
IThe C,.p. . sin (80 - &)+ F. (8" ) (163)
K, p 14P L1 LL 12Y%LL
W’L = -G B, cos B < cos @' ]
k.p 14{PL L% " 5ms “9% "L
(164)
where
. 3 cos ¢
C’14 B cos G'I 1 (XML - XL) (165)
APMmL .
Fralop) - C14[' z sin 8y, -¢)
T sin ¢ sin 91L.I.] . (166)

Derivation of the force components HT P

the trailing first slipline N(MN) is basmally sxr?nlar
to the procedure adopted for the leading slipline
L(ML). The horizontal and vertical force compo-
nents from stress acting along N(MN) are (Fig. 12)

X - X

T _ _ MN ~ *N
Hk,p ) IF‘_T sin eNN + Tcos GNN) ces B b
NN
(167)
X - x
T — _ . MN N
Wk,p - ((rT cos eNN - T sin GNN) W b
{168)
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where

AN S ‘;El + Y\p €XP [(BM - eNN) tan ¢} cos QNN
(169)
Xy < R cos (e + §N) (170)
Substituting Eqs. {169) and (170} in Egs. (167) and
(168) and erdering terms results in
Hl - ¢ in (0. td¢) +F (171)
kp  Ci1sPrp SR Opgg t e 13 O
wl - _c 08 (0. + &) cos ©
kK,p 15[1’1\:“ NN sin ¢ NN
(172)
where
B cos ¢ .
CIB = b cos @ (}\MN - Xy (173)

NN

APy
Fpalogy) = 615[(F11 T

— _sin @
T sin ¢ NN

) sin (BNN + &)

(174)

Expressions (163), {164), (171), and {172} will be
incorporated in equilibrium Egs, (156), (157), and
(158). The horizontal and vertical force compo-
nents on the elemental arc ds along the spiral
{(ML)M are (Fig. 11)

de s _b [ué‘ sin (8' - ¢) + T;J cos (8' - cb)] ds
(176)

L L

where o5 and 7¢ correspond to o and T as
given by Eqgs. (69) and (70) respectively, with
p = pg‘ (Eq. 97).

Similarly, the horizontal and vertical compo-
nents on the elemental arc ds' along the spiral
M(MN) are
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T T . T . where o1 and +T corrcespond to o and T as
dt “bio: sin 8 - 711 cos O ' 1 , 5 5 P
Lo bl sin T5 cos 09 ds () given by Eqs. (69} and (70), respectively, with
p o pd (Eq. 108).
The total force components are derived by
replacing the o7 stresses in Egs. (175) to (178)
dWI blet cos 8 7T sin 8') de’ (178) a‘ndlmtegratmg within the corresponding spiral
k,s s 5 limits. Thus,

18'
M
L -— L , . C o R . , , ~
Hk.s bIM [Ps cos {8' - 2d) - m(us 9 - Lt)):{ exp [(8 - GM) tan d}] de (179)
“0r
o
L M i c
Wk‘,q bFM [psd 5in (8" - 2d¢) - Iy sin {6 - cb)] CRp [(8' - GM) ian cb] de’ (180}
oL
T BNN T
. c .
Hk,s bry, [ps cos O - ST ©os 0+ da)] exp [(BM - B) tan d>] de t181)
eNI
T eNN T
Wis o by [ps sin 0 - Sif”b sin (0 + a;)] exp [(eM - 0) tan ¢J de (182)
eNl

Replacing Eq. (97) in Eqs. (179} and (180) and Eq. (108) in Eqs. (181} and {182}, integrating, and

arranging terms, ithe soil reactians Hk, s and "Vk, s along the sliplines arc obtained.

zone, the solutions are

For the leading

L - L 1 1
Mo, o CS[pML L0, L9+ FI(O'LL,BM)] (183)
and
TNL C,l-p + F_(0' 8 )y + ¥ (8 a! )] (184)
k,.s 8 ML TULL M 8 " LL M
where
C8 - b‘r‘M cos & (185)
- C i : T 1 H : 1 ?
F 1 gl KL OM - exp [(OLL - GM) tan cb:( sin GLLS
Y i ; 1 . t ] H 4 . ,
+ (,l rsm (GM ) - ooxp [(GLL - GM) tan j;} sin (BLL r<t>)b
- 2tan & Cl‘ [ S~ sin (20! 4+ ¢:)] + ~3— tan ¢ CL exp [2(9' - @' ) tan cb]
4 s {sin ¢ M 4 s LL M
t C: |
. 301 ! X ! — : 1
[sin 3 I sin “'BT.L + d:)] ! 1 lcos (LBM + &) - exp [8(9’LL - GM} tan ¢}
X cos {ZB'I I + cb)t {186)
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F, o osin (0], +4) - exp [(e’LL - 8),) tan ¢] sin (0], +8) (187)

- 1 N ! - 1 1
F. = cos (GM t ) - exp [(GLL BM) tan ¢] cos (0] 4 &) (188)

c I el

I b . a4 A
FB T Eind {‘OS BM exXp [(GLL BM) tan d)] cos OLLQ |

cos [Bi\/l + &)

| 1 . T I E L * ; 1
- exp [(BLL - GM) tan ¢r] cos {BLL t dJ)S + T tan ¢ CS lLos (ZBM t d)

C

L
' . . ' § 1 . Y
- exp [2(0LL - 8},) tan ¢] cos (20 | ¢)f -~ [m- sin (20] +¢)}

CL
12 exp [Z(G‘LL - 0},) tan ¢] [;ﬁ - sin (20 + 4>)] (189)
For the trailing zone,
T
Mo © C?[PM EREALININEL VO Fé(BNN‘aM)] (190)
and
T — N
Vi, s © ©7 ['PM FoOun-8y) * F lO(BNN'eM)] (91
where
C7 = brM cos (192)
Fo - exp [(GM - eNN) tan d>] sin (BNN - ¢) - sin (BM - ¢ (193)
_ SN : ;
Ff) - sn e lk)Lp [(BM - GNN) tan d)] sin GNN - sin eMi
CT xp |(8,, - © ) tan ¢| sin (8 ¢) sin (0 ¢)l
R W R At Y S N NN T ¥ T M-
LT 200 -0 )t {3 ¢ —L_ 4 gin (20 ¢)] + cos (20 o)
-3 G, exp [ M - Onn) tan 4 an ¢ [— ST e sin NN T cos NN - {
12eT Yeane [ L sin (20, - ¢)] i cos (20, - ol (194)
4 Vs sin ¢ M M f
Fq = exp [(BM - eNN) tan ¢] cos (BNN - $) - cos (SM - 0) {195)

e} oe ] !
Fig = —s_1£n$ texp (BM - BNN) tan ¢| cos BNN - cos BM’

T ‘
+c) !'exp [(eM - 0,y) tan ¢] cos (@, - ¢) - cos (B - a)i
1T 2(8 8, )t ¢[3t ¢ (20 ) L _ 4+ 4in (28 -q,)]
3 Cg exp 2( M - Onn! tan an ¢ cos NN T ¢) - e 28N
16T 15 tan & cos (20, - &) - —1— + sin (20 - )] (196)
-3 C, an ¢ cos (28, - &) - oE s R
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Expressions {183) to (196) will be incorpo-
rated in Egs. (156), (157), and (158) for the de-
tailed study of equilibrium in Section VI-A.

F. Body Forces

Soil body forces Wy, y are obtained by inte-
grating the soil volume contained within the lead-
ing and trailing active zone L(ML}M and M(MN}N

as shown in Fig. 11l.

For the leading zone,

L - . T
Wk,Y = vb [arca LiML)M
- area circular sector TZLM] {197)
'
- eLLl 2 1
Area IZ(ML)M - ?F do (198)
Y
where T is given by Eq. (33).
Area TZLM = (area triangle —ZLM + area
circular segment with arc LM} = CI\-{‘ or
ck Ll 7 since 0. ) +A_ (199)
Y 2 M ST LL T M c
where
A L g? in { o {200)
e 2 [QL' Spg - osin gy - gM]
and
= T - 1
r_o- 12L -R cos {a + éL - GLL)
+EL cos (,BL - Q'LL) {201)
-1{ %z
BL = tan (‘-E;) (202)
_ 2 _2
3 2 R, P T, (203)
Integrating Fq. (198), and with Eq. (199), Eq. (197}

becomes

LN

2
¥

M, 29" ; ! L
Sitary: ?(xp [a(em - 8) tan ¢]_ 1l _c¢

j Y

{204)
with c{; given by Eq. (199).

22

For the trailing zone M{MNI]N, the soil
weight is (Fig. 11}

Wl?,y = yb[arca IlM(MN)

- area circular sector IlMN} {205)
Area TJM{MN) =

where r is given by Eq. (28).

Area IJMN = (arca triangle T[JMN + areca

circular segment with arc MN) = C$ or
T 1 . -
CY = 5 Tf, Sin (BM-GNN)+A (207)
where
A - ig* £ - sin (. - £ )] (208)
c T2 fm o En T M~ °N
and
ro = TN - Rocos (@t & - By
- ET cos (GNN - BT) (209)
B = cos'l(il) (210)
T R
ET = fif +E? (211)
g =8 -a+sir1_I[l(E cos © - X, sin @ )
N NN R ™1 NN 1 NN
(212)

Integrating Eq. {206), and with Eq. (207), Eq.
{205) becomes

2
r
M | T
bv{4 e [exp (200 - 8y ran o] -1l - CY{
(213)
where c}; is given by Fq. (207}.

kquations (£04) and (213} will be used in Egs.
(156), (157), and {158) for the detailed study of
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soil-roller equilibrium in Section VI-A and also
to determine the driving torque M in Section V-G.

G, Moments

1. Moments due to soil reactions, The re-
sultant force originating from reduced stresses
along a spiral slipline intercepts the spiral pole
{(Fig, 12).
relative to the roller axes C(x=2=0) depend exclu-
sively on the position of the spiral poles I} (Xy,%);
T2(%2, £2). Positive moments tend to produce a
counterclockwise rotation. The trailing (T) and
leading (L) moments due to stregses along the
spirals M(MN) and M(ML), respectively, are

Mk,s - Wk.sxl - Hk, syl *M (214)
L B . — Lo- L
Mk,s = Wk'SXZ - Hk,s‘Z +MC (215)
with Wy 4 and Hk ¢ forces glven by Eqs. (183) to

(196). MT and ML are the moments due to cohe-
sion stresscs along the spirals M{MN} and M{ML)
with respect to poles Iy and Iz, respectively:

2 )
LT M {eXp [K(BNN - 8,,) tan ¢] -1}(
B 2 tan ¢ ’

~

=2 .
L T {exp [Z(BLL - SM) tan ¢] - ]}
c Y 2 tan ¢

M c

Regarding the moments produced by the
stresses along the sliplines L{ML) and N{MN),

T I I L L
M - H z {21b)
k,p k.p'p k.p p
T T T T T .
Mk,p kapxp - Hk’pzp (al7)
where Wi, and Hk are forcecs given by Egs.
(163), (164 (171), and (172), and
ES
L M2 . '
Ml{ Y ¥b 4 tan & ti *p [E(G ) tan ¢] -1 } )

M

FI\/[
ce——————— lexp [B(B'LL -0 Ytan ¢:| {3 tan ¢ cos ©'

349 t.:u‘lz ¢ + 1)
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The moments due to these spiral stresses

' -x )(2 +
L b = ¥ ey, PPy
XXy + 3 T ) (218)
P : vy T PLL
- +
SR OR VPl ¥ Vi P BOPATS
P L ey Yrpy)
- +
XL s okt Ciaang = ! CPPaiyy * Pruny! (220)
T N P P!
o't 3 r P (e2h)
P Pan " PNN
2. Moments due to body forces. Moments

due to soil body forces relate also to the roller
axle at C. Following the same procedure used to
generate the body forces, the moments due to soil
weight contained within the active zones are:

For the leading vone L{(MLIM,

a9t

(222)

where T Is given by Eq. (33), and

L
¢ T % Tt 8 -0y

with KC given by Eq. {200) and

sin3 (i-‘—_—ag—M-) cos (Eliirg—l\i)
£, - &, - sin (gL-gh )

R

%
wof s

L M

Integrating kg, (222) results in

+5;'1n9

i
LL )—13 tan $ cos B,\’1 + sin BM)[ (223)



For the trailing zone M(MN}N,

5]
MT =yl Mirz(? +Er ‘0s 9)({6 L\ {224)
k.y P ZU Ty Ty rcos Bias - M, «2)
Oxn
where r is given by Eq. (28}, and
M i T in (6 5} Y, +x.. +FT )} +A x
¢ B TMTe STt PN M T N T ¢
Ao is given by Eq. (208), and
qins (-———-—gM _ gN) COs (F;“M{ gN)
K- iR 2 Z
¢ 3

gM-§N~ sin (E,M-QN)

Integrating Eq. {224),

2 _
T ML [ )
= —_ . B 21t
Mk, y vb L tan & (exp 2((1M NN) tan ¢ li MC

3
r
- ‘ ]
- exp [3(8 -8 ..., fan ¢](3 tan ¢ cos @ - sinB J+{sin 8 - 3 tan & cos 6} (225)
13(9 tan2¢+l) M NN NN NN M M7
The driving torque will be used in Section and for the trailing wone,
VI-B to determine the roller driving power
requirements.

BI. = o+ gi - sin"l[% (ZI cos 9]. - %, sin O.)}
H. Scil-Roller Interface Stresses !

Once the pattern and extent of the active plastic which results in
domain zone arce derived, the soil-roller interface
stress at a generic rim point i arc (Eqs. 65

and 66) oLl SN . - . oar
i 7 -sm ﬁizz cos Bi—xz sin 6.1)] LR Y
o, - pi[l. + sin ¢ sin ‘P.J - ccotd (226) (230)
! . and
‘p.r - sin"l[—é(il cos 8. - il sin 9)] +¢  (231)
TPy sin ¢ cos ‘w“i (227} ' ! !
where The parameter p along the slipline M{ML) is
derived from:Eq. (97}, and for the slipline M(MN)
W= 28, - 2a, +¢ (228) from Eq. {108). On the leading zone, along a
! ' radial slipline which intersects the roller rim at
with a point i(] = §M) and also the slipline M(ML) at
Q - a +§i (229) point {M;j) is
L L L .
Tor the leading zone, Pi = Pumi * APy (es2)
=11 - .- -
Bi a t §-1 - 8in [_R(Z?_ cos 9; - X, sin 6;)] where (,‘»1]\“/[.l corresponds to Eq. {97) for 6 - 9;,
and
+ X6 L x, - x ..} (tan O % tan &) (233)
z ) S TR AL TS ¥ 1 i
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with

X = X, t T

Mi 2 " Ty %P [(9; - 0 ) tan ¢] cos By (234)

and x; from FEq. (5) and Fpq from Eq. (23).
Similar criteria apply to the trailing zonc
(&; < m/2). Along the radial slipline intersecting

the roller rim at point 1 and the slipline M{MN)
at point (iM),

(235)
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where pT corresponds to Eq. (108} for 8 = 0,

and ‘M
T
ap, - \/(x.1 - xiM)(tan Oi - tan &) (236)
with
Xim 2 %) F Ty exp [(GM - 8,) tan ¢] cos 6, (237)

and x; from Eq. (5) and ryf from Eq. (20}

The orientation 8; of the soil-roller interface
stress resultant q, is given by Eqg. {122} in con-
nection with Eqs. (226) and (227).



V1. SOLUTION OF BASIC EQUATIONS

A. Basic Equations

It was shown in Section IV-C that the geometry
and extent of the active and transition zones re-~
late exclusively to the slipline directions at points
L, M, and N, as defined by Expression (114}
(Fig. 4). Also, if the set {Expression (114) is
known, a velocity slipline pattern can be unambigu-
ously built that satisfies the roller velocity con-
ditions. To initiate a solution of a given soil-
roller problem, as postulated in Section 1V-A, a
set of parameters sy and £p is selected first.
These parameters define unique values of Op
(Eq. 12} and 6pg (Eq. 18) and also determine the
position of poles T (Egs. 29 and 30) and T2 (Fas.
34 and 35).

To evaluate the four remaining unknown
parameters of Expression (114), there are avail-
able four basic simultaneous equations, Two of
them originate from satis{ying the herizontal and
vertical equilibrium conditions, as given by Egs.
(156) and {157). For completeness, Eqs. {156)
and (157) are repeated as Eqgs. (238) and (239):

T 1 ) 1 —

POy 0110 O Oup) = 0
(238)

oL ) T T T
22 e W e T W Ty T s T M p
+ Wg + W I P sin &
1 t 1 =

Fyl0ior 90 O O = °

{239)

Substituting in Eq. (238) the corresponding Iy
force components given by Egs. (163), (171), (183),
and (190}, after a short transformation, results in

G
2
= = T ! - 4
Prp, G, Fy 0y ¢ Ogn) 2 pg (2402)
where
Gy - -Cplly - Apyyy HFy) - Ty,
- C7(F4'I'“5+F6)— F137 P cos o

and
— a 3 r - al . 0
szCB FZ+C14SIH(8LL ¢)+(,? by
+ C15 sin (BNN + &)
Since, in Eq. (240a}, P » Pg 2 0, Gy and Gp

must have the same sign,

From Egs. (81) and (83},

Py = Py exp (OLO - GLL)tan¢ {240b)
After equating {240a) and {240b),
1 G]
I - t
BLO = BLL + > tan & In DOGZ (241)

Also, it is known from Eqgs. (82) and (83) that

Pry © Pg ©%P (GNN - BNO) tan ¢ (242)
Accoerding to Eq. (79),
PNN © PN~ 2Pun (243)
After equating (242) and {243),
p - Ap
B 1 MN MN
®%o * NN TEan s ° o (244)

Thus, we arrive at a system of four equations
(Egs. 239, 240a, 241, and 244) in the unknown
parameters 870, 97.1., 8NN, ONO. These equa-
tions are solved by iteration using a computer
program. Admissible values of 0] | are [irst
selected within the corresponding bounds stated in
Section V-C. Subsequently, Unpy is determined
from Eq. {(239). Substituting 971, and 8NN in Eq.
(241), a unique GLO vzlue is determined which sat-
isftes simultaneously the horizontal and vertical
equilibrium equations. With o1.L. QLO‘ and O NN
known. 8o is determined from g, (244}, During
the solution process, the computer program verifics
the fact that the determined angular parameters 6
comprise only admissible values; otherwise, a
new B} 1 is selected or a new case (s}, £p)is
initiated, as required. FEquations (238) and (239)
express the necessary conditions under which an
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Equilibrium solution is admissible with regard to
the soil-roller active plastic domain. It is of
significance to point out that the existence of the
svt of values, Expression (114), which satisfies
the equilibrium and the stress compatibility equa~
tions, does not necessarily imply that a solution
to the problem has been found, unless the follow-
ing conditions are also simultaneously met:

(1) The rate of dilation, as mentioned in
Section IV-C must be positive throughout
the plastic domain. {This is verified in
the Appendix. }

{2} At no point outside the plastic regions
shall the stress exceed yield.

{3) The free-surface points I and B (Fig. 4),
which belong to both the rigid and plastic
domains, must also be aligned with the
original surface slope o; thus,

(245)

tan o =

which assumes that, after the roller
passage, the original trailing surface
slope is not significantly altered. This
was verified ¢xperimentally by Wong and
Reece (Ref. 11) for roller tests on level
surfaces. Here, this conditionis assumed
to prevail also for slopes.

Although conditions (1) and (2) do not bear
directly on the solution process of the equations,
they are fundamental to describing the require-
ments for the completeness of a solution. Con-
dition (2) is not specifically verified, but may be
considered satisfied if no sharp corners of rigid
material develop within the rigid plastic boundary.
In fact, it may be proved that the soil state of
stress at point M does not exceed yield and, in
general, it may be assumed that the rigid material
can support the plastic deforming body. The
method of extending the plastic stress field into
the rigid domain, as studicd by Shieid (Ref. 20)
and by Cox, et al. (Ref. 21), can also be applied
to this problem.

Regarding Eq. (245), the coordinates of F
and B are obtained, satisfying the boundary con-
ditions on the leading and trailing traction-free
surface slope, The positions of points F and B are
satisfactorily approximated based on the following
analysis. [t was noted in Sections V-D and
V-E that the horizontal and vertical stresses along
LIML) {Fig. 11) determine the reaction forces
H%, and Wk.p‘ respectively. Similarly, the
stresses along M{MN) define the force components
HE and WE, Thege leading and trailing forces
haveé a special significance with regard to the
validity of any solution of Egs. (238} and (239). If
a solation is found, it has to be verified that the
mentioned forees Hy n and Wk, can be sustained
at the corresponding transition and passive plastic
domains. In other words, it must be verified that
all plastic zones satis{y simulianeously the basic
requirements of local and averall equilibrium. In
this caontext, a solution to Eqs. (238) and (239)
represents only a nccessary condition. Sufficiency
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is proven when, in addition, the solution of the
two active zones can be appropriately coupled to
the neighboring transition and passive fields,
which satisfy Egs. (63) and (64) and the remaining
boundary conditions. Here, we advance the fact
that the active plastic field solution can bhe ex-

" tended up to and including the traction-free sur-

faces LF and NB (Fig. 4), if the input data is con-
sistent. In Part Il it will be shown that the
completion of the plastic field also yields the
statically correct deformed free surface and that
Condition {245) can, in general, be satisfied.

B. Specific Energy Dissipation

The roller moves parallel to the original soil
surface with uniform velocity V. wResy where
R is the effective rolling radius. For a rigid
cylindrical roller Re = R. The axle traverses a
distance 1. per unit time,

1246)

The total soil thrust parallel to the original sur-
face is

T = P+ W sina {247)

with P = the drawbar pull force and W = the ap-
plied axle load. The load component nortal to the
original surface is

N = Wcos a (248)

The total energy input E}\/I per unit time due to an
applied torque M at the roller axle is consumed by
the thrust force energy output ET and the soil-
roller encrgy dissipation Fg/yp:

TM = Bt kgp (249
where
My = Mo (250)
and
ET - TL (251

In general, the soil energy dissipation per unit
travel length Eq. (246) and per unit normal load
Eq. (24B) will be defined as the soil-roller speci-
fic energy dissipation coefficients

| D
| S/R o M P -+ tan o
NI WReSk co8 o W cos o

un

{252)
Equation{252) accounts for the soiland tire
deformaticn and soil-wheel interface frictionencrgy
losses due to slip. Itrepresentsageneralenergyes-
pressionand defines the performance of any rolling,

[w
=)



power-driven device; the equation applies to both
rigid and flexible rollers or wheels. If the roller
is flexible, E will express the specific encrgy
dissipation produced by both the soil and the roll-
ing device. Care must be taken to properly mea-
sure or calculate the effective turning radius Re.
For the rigid roller, the values of M and sy in
kq. {252) are determined from the problem solu-
tion {Section VI-A).

When «

0, Eq. (252} reduces to

(253)

Equation (253) was used by Leflaive {Ref. 22) to
analyze test results of driven rigid and flexible
wheels on horizontal soil surfaces. The specific
energy (Eq. 252} shows two terms. One is the
specific torque energy input at the axle per unit
normal load and unit travel distance.

M
E1\/1 T WR s, cos a (254)
ek

The other is the specific thrust energy output per
unit normal load and unit travel distance.

B P

ET T W cos e

1 tan o {255}

Only when a = 0 doecs the specific thrust encergy
equal the pull/load ratio ET - P/W; otherwise,
for @ » 0, Eq. (255) refers to the specific thrust
energy. Equations (254) and {255) can be used to
evaluate the performance of power-driven vehicles,
providing the relative wheel slip factors and axle
load distribution are known. The wheel thrust
efficiency is given in general by

P .
— + 5111 @
n% = —‘——1\'/[——“— Skx 100
WR

[ad

(256)

In practice, the specific power consumption per
kilometer of travel along a straight line on a slope
a 2z 01is given by

. 1 watt- hour
Pw - EMX WX (3, 6)( km ) (256a)

where Ep is defined by Eq. (254} for sk > 0 and
W is the applied axle load in Newtons.

C. Rigid Roller Sinkage

The roller sinkage z is measured perpendi-
cular to the original surface. Once the leading
and trailing points F and B are determined, satis-
fying the basic equi]ibriuxn cquations, it is veri-
fied if points F and B are aligned on a slope o

{Fig. 14). To this effect, the coordinates of F and
B oyield
28

‘ ZB - 7F
tan o' = T
* T ¥F

where o' is the direction BT for a trial sclution.
Only when o' - o does the solution found corre-
spond to the piven problem, Then, with

= +
t ZB XB tan o
and
n - tcosa
the sinkage is
z R -n (257}

The derivation of Eg. {257} presumes the
condition stated in connection with Fq. {245),

. Mobility Safety Factors

It was shown in Section VI-A that the soil-
rolier mobility problem can be solved satisfying
the velocity and limiting equilibriwm equations that
are subjected to the corresponding boundary con-
ditions. The sclution determines the operational
slip factor s) and torque M for a given axle load-
ing P and W. It was also shown {Section I} that,
when Sy 7 0, the roller becomes immobilized
(Ve = 0). From a mobility safety standpoint,
given the soil conditions {c, ¢, Y, @) and a fixed
set of operational loads, pull Pg and weight W,
it is required to determine the corresponding
maximum load W, (or P, ) which. in combina-
tion with Py and Wg, produces immobilization of
the roller. Thus, there exist two basic loading
conditions capable of immobilizing the roller:

(1) increasing only the pull force from P, to
Prmax, and (2) increasing only the axle weight
from Wgp to Wpay. Conscquently, two types of
mobility safety factors {SF'} can be defined, de-
pending on the ultimate cause that stops the roller.

The first definition of SI is

P + W _ gina T
max 0 _ “max
PD + WD sin o TO

SF =

(258)

where the numerator indicates that the maximum
soil thrust Tynax is reached by incrementing Pq,
pull load, to Pyns,, setting sk = 0. The denom-
inator Tg corresponds to the roller operating
thrust for 0 < s <1.0. 1In this case, when
Pmax - Pog, SF 1 and the roller would stop
due to excessive pull.

The second definition of SF corresponds to

= 0 ax sin o max
SF = - = (259)
PO + WO sin o TO

P+ W
m
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where, as in Eq. (258), the _fmax corresponds to
s = 0 by incrementing the axle weight W, to

Winax: When W .. = Wy, ST = 1 and the roller
staps due to excessive weight, In essence, bath
Eqs. (258) and (259) relate to the soil maximum

thrust capacity developed for s = 0.

I'or the peneral case of self propulsion;
Pg = 0, the roller propels its own weight Wy,
Under this condition:

(1) If o » 0, Eq. (258) reduces to

P + W, sin o
max 0

W sin o

0

SF =

(260)

In Eq. (260), if for s = 0 it is deter-
mined that Piax = 0, then 5¥ = 1,
This condition defines a limiting roller
slope angle climbing capability,

@ = o, for self-propulsion,

{2) Ifa =0, then Tpax = 0, and Eq, (259)
has no practical significance, since on a
level terrain self-propulsion is unrelated
to soil thrust. This conclusion derives
from the fact that, under the action of a
vertical load, there is no net soil thrust
mobilized. Under this condition, the
leading and trailing soil reactions are
balanced (Eq. 153) {Fig. 11):

L, T _
° +H =0

Therefore, in this case, the SF refers
exclusively to the maximum vertical soil
load capacity for sy = 0. Thus, from
Eq. {259),

== Wmax
SF = ——i—
W0

(261)

Eguation (261) is the factor of safety
versus immobilization valid only for self-
propulsion on level terrains (o = 0).

For Pg » 0 and o > 0, the applicable SF
definition corresponds to Eqs. (258) and (259), as
specified.

Given s, = 0 and gM' the computer program
determines Wy, connected with an operational
pull lcad Py, On the same basis, given an opera-
tional load Wy, it is possible to determine the
carresponding Py, which immobilizes the
roller.

E. Applications

The foregoing soil-roller analysis was pro-
grammed in Fortran II for use with the IBM 1620
computer, In the following, it is assumed that the
soil-roller model developed also applies to a
finite-width roller (wheel) as loug as the predom-
inant soil failure mode occurs in the fore-aft
direction rather than in the lateral direction, The
soil-wheel interaction performance (SWIP) pro-
gram input data is; wheel axle loads (W, P}, sur-
face slope o, soil properties {Y,d,c), and wheel
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dimensions (R, B).
eters,

Two additional input param-
gM and slip factor si, are also required
and are entered by means of the computerts tele-
printer, The user, with a minimum of experi-
ence and iterating on 5y and s values, can
determine a number of possible admissible solu-
tions. In this report, results obtained satisfy
the equilibrium Eqs, {238) and (239) (active zones)
and the limiting conditions stated in V-C-3, It is
expected that from all solutions which are found
at least ane will satisfy Condition {245), (Refer
to Section VI-A,) Itis also assumed that if more
than one solution satisfies Condition (245), then
the one with the minimum torque cnergy (Eq. 254)
would represent the actual wheel performance.

Thus fav, Condition (245) is not incorporated
in the SWIP program. This will be done only
after the plastic field is extended into the transi-
tion and passive regions, utilizing a program sub-
routine {Part IT),

The SWIP program outputs the following:

(1} Stress parameters p, 9 and soil-wheel
rim interface normal and tangential
(shear) stresses (psi) at points L, M,
and N (Fig. 4).

(2} Geometric parameters., Coordinates of
the center of instantaneous rotation I,
the leading and trailing spiral poles I
and Iy, and the radial angular directions
£y, and &y where the soil detaches from
the wheel rim at the leading and trailing
edges, respectively.

(3) The total and partial, vertical and hori-
zontal soil reaction forces considering
the effect of soil weight on both the lead-
ing and trailing regions (to an accuracy
of 0.5%), The partial moments and total
required driving torque. The specific
energy input Epg (Eq. 254) and specific
thrust energy Ep (=Ex<) (Eq. 255),

The program outputs the nature of any incom-
patibility which may arise from either the equilib-
rium Eqs. {238) and (239) or from the limiting
conditions stated in Section V-C-3, By this means,
the user can, on an interactive basis, select
appropriate new &)y, s} values to bring about a
solution.

In what follows, the SWIP program is applied
to estimate:

(I) Driven rigid wheel performance tests car-
ried out on horizontal terrains under con-
trolled slip., The wheel axle is subjected
to a vertical load Wq and a pull force Py
parallel to the undisturbed soil surface,

(2) Driven rigid wheel slope climbing per-
formance. The wheel axis is subjecteId/Z
to a total vertical load W = (W§ + P§)
acting on a slope angle deflined by o =
tan~! (Py/ W), where W and Py are
loads corresponding to the horizontal test
canditions defined in (1), above. The
purpose of this slope climbing calculation
is to verify if there is theoretically any
performance difference when equivalent



wheel normal and pull loads act either on
a horizontal or a sloping terrain,?2

(3} Lunar roving vehicles (LRVs) on the
assumption of driven rigid wheels rolling
on a level Iunar surface. This is applied
particularly tc the Apollo and Lunokhod-1
vehicles.

Table 1,0 provides a summary of the above-
mentioned applications indicating typical wheel
loads, dimensions, and soil properties to he used
in connection with the given application,

Test case 1, Table 1.0, was performed by the
Waterways Experiment Station (WES), Vicksburg,
Mississippi, under controlled 25% slip (5 = 0. 75)
(Ref. 18). The SWIP program applicd to this test
condition produced the results shown in Tables 1.1
through l.3a, which ¢correspond to EM =99, 101,
and 102 deg. For intermediate values of £)4, such
as 99 deg = gM s 102 deg, there exists an infinity
of solutions satisfying Eqs. (238) and (239). The
indicated results correspond only to the bounding
values pertaining fo a given set of §M and sy =
0.75. Intermediate solutions were also obtained
but unfortunately lack of space precludes their
inclusion. As mentioned, these results have to
also satisfy Condition {245). This condition will
eliminate all those cases which do not meet the
boundary requirements referred to in Section VI-A.
It was also found that for sy = 0.75 and §M : 98
deg and £py - 107 deg, there are no other com-
patible solutions, thus indicating the fact that the
operational range on £34 is bounded and if a solu-
tion exists satisfying Condition (245), it must lie

within the results given in Tabkles 1.1 through 1. 3a.

The measured torque was M 600 1b-in. and
the results indicate that this value is appropriately
bounded by the program output as shown. Addi-
tional rigid soil wheel tests were also checked
using the SWIP program. Particularly, in the
case of W 108 1b, P - 30 lb, and 25% slip
(Ref. 18), the measured torque was M = 720
ib-in. and alsc was satisfactorily approximated
and bounded.

In general, concerning the mobilinable soil
strength, it is typically assumed that the same c,
¢so6il parameters apply to both the trailing and
leading regions, Any divergency between the lead-
ing and trailing limiting values of ¢ and & to be
used is concerned with the question of how the soil
parameters ¢ and ¢ are modified due to the dis-
turbance produced by the passage of the wheells
leading edge or by other wheels along the same
track. For instance, with refcerence to the total
torque, a difference in ¢ values does not appear to
be very sensitive, as seen in Tables 1.1 = 1. 3a
for ¢ = 42.3 deg and Tables 1,4 -1, 4a for & = 35
deg., However, in order to satisfy Condition (245)
and thereby arriving at a complete solytion, it may
he necessary to resort to different ¢, ¢ values for
the leading and trailing zones,

Regarding the wheel slope performance,
Table 1.0, casec 2, the computer resulis are
shown in Tahles 2.1 through 2.4a. First, it was
found that therc are no compatible slope solutions

for a 25% slip as it occurs for ¢ = 0 test. This
indicates that there is no analogy which relates
equivalent loading hetween horizontal and sloping
tests, Second, the slip performance for self-
propulsion (P = 0) is a minimum when ¢ = 0 and
slip increases for increasing slope angle. When
both ‘EM and sy are varied, as shown, solutions
will be found between the values indicated. I'or
sell-propulsion conditions, the horizontal leading
and trailing soil reactions are equal and of oppo-
site direction. The slope climbing energy re-
quirements are generally higher than for o - 0
due to the combination of larger torques and wheel
slippage.

A hypothetical application of the SWIP pro-
gram to the Apclle LRV f[lexible wheels 1s given
in case 3, Table 1.0, on the assumpticn of rigid
wheel behavior. Results shown in Tables 3.1 to
3.2a represent self-propulsion conditions on a
level lunar soil surface. Results indicate that the
wheel operating range for this case is within 10%
to 15% slip (sx 0.90 to 0.85). Calculations
also indicate that the wheels could not eperate at
20% slip for & . 0. The soil-wheel rim interface
stress level is rather Jow (<3/4 psi), and energy
requirements are not unlike the expecied mobility
performance for cn-carth operation.

Case 4 {Table 1.0) represents an application
of the SWIP program to the Lunckhod-1 fo investi-
gate its mobility performance for ¢ - 0. To this
effect, lunar soil properties similar to those
applied to the Apolle LRV {case 3, Table 1.0) are
considered. Under self-propulsion, it is assumed
the wheel load is approximately W = 35 1b (15.6
kg) {Ref. 25). The wheel radius scales roughly
R - 10.0 in. (25.4 cm) and width B - 6 1/2 in.
(15.35 cm). The wheel is assumed to operate as
a rigid finite-width roller. A pattern of grousers
and a metal mesh covers the wheel rim which, on
ground contact, confines a soil layer of an approxi -
mate thickness equivalent to the projecting grouser
lugs. This condition insures the soil-wheel inter-
face mechanical properties are at least equivalent
to the lunar soil strength, thus eliminating any
uncertainty connected with the soil-wheel inter-
face adhesion. Since the Lunokhod-1 mobility
performance is independent of the wheel's surface
maierial, appropriate corrclations of lunar soil
properties can be made utilizing its mobility per-
formance records in a lunar traversc,

The operational performance of the Lunokhod-1
is shown in Tables 4.1 and 4. la. Results refer to
Eng - 112 deg for 20% ship {sy 0.80). It is noted
that no compatible sclutions were found for &£ =
110 deg and sy 0. 80.

A review of the results shown for the Apollo
and Luanokhod-1 vehicles indicates that after
extending the plastic field up to the traction-free
surfaccs, Condition (245) may be satisfied and a
complete selution defined. Further applications
of this program are planned to cstimate the limit-
ing wheel slope climbing performance conclitions
alter incorporating Condition (245) (Part II),

2In this connection, vehicle mobility tests on slopes indicate that the vehicle performance deprades with

increasing slope angles,

Test results indicate that slope tests cannot strictly be simulated by equiva-

fent wheel axle loading performed on horizontial terrains (Rei, 1),

JPL Technical Memorandum 53-477



(H

(2]

VII. CONCLUSIONS

A comprehensive theory for the solution
of the soil-roller interaction problem has
been presented. This solution is appli-
cable to power-driven rollers moving on
horizontal or sloping soft s0il surfaces
under quite general conditions of terrain
slope angles, soil properties {cohesion,
friction), and loading conditicns including
gravitational effects.

In this study, Part I, the method of solu-
tion satisfies both the roller velocity
(slip conditions) and equilibrium require-
ments within the active zones (Fig. 4).
The solution was programmed for com-
puter use, The nature of the developed
soil-wheel interaction performance
(SWIP) program is that it only cutputs
bounding values of wheel performance
parameters. In Part II, it will be shown
that these bounds can be narrowed further
and that, from the point of view of the
theory of plasticity, complete solutions
can be obtained which satisfy overall
equilibrium, velocity, and boundary con-
ditions, which include both the transition
and passive zones (Fig, 4),

It is considered that a finite-width roller
also represents, on a first approxima-
tion, the performance of a rigid wheel,
which must be verified by tests. Limited
application of the theory to rigid wheel
tests on level terrains indicates that
experimental results compare favorably
with theoretical predictions., Experi-
ments have to be performed considering
mobility on level and sloping soil sur-
faces, taking into consideration the
underlying concepts of the theory, as
formulated, particularly with regard to
(Fig. 4):

(a)
(1)

Soil-wheel failure pattern on slopes.

The existence and shifting of the bi-
furcation point M separating the
leading from the trailing plastic zone
along the soil-wheel interface.

(7}

The position of the leading and trail-
ing edge detachment points 1. and N,
respectively.
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{d} Laboratory determination and prac-
tical use of the soil parameters ¢
and ¢ as related to potential soil dis-

turbance affecting wheel performance.

These are just a few of the many items
which must be considered before accept-
ing this or any other theory,

The limiting soil-roller interface radial
and tangential (shear) stresses were
defined and it was found that the obliquity
angle of the resultant interface stresses
with respect to the radial directions
varies along the roller rim,

A general normalized energy Expression
(252) was derived which is of practical
use for evaluating and correlating wheel
(vehicle) test results for slopes (@ = 0),
The nature of Expression (252) and
limited application of the theory (Tables
1.1 - 1.3a and Tables 2.1 ~ 2,42) indi-
cate that the wheel thrust, torque, and
efficiency performances relate to the
particular slope ¢. This result points to
the fact that wheel tests using equivalent
nermali and puil forces on horizontal and
sloping terrains do not represent similar
loading systems gince the state of stress
and limiting equilibrium conditions of a
soil slope and a level terrain are different,
Thus, horizontal wheel tests based on
equivalent loadings cannot be used to pre-
dict wheel slope climbing performance,

A safety factor {SF) concept against wheel
immobilization is introduced which is
applicable to any driven rigid or flexible
wheel for varying loads and slopes. This
SFE concept sets the framework for the
study of mobility as a basic mechanical
process whereby a safety number can be
assigned to each of the commonly used
wheel efficiency performance parameters.

Regarding the validity of the theory, par-
ticularly its reliability, the proposed
method of solution has to be more exten-
sively evaluated by applying the computer
program to a wider range of mobility con-
ditions, slope angles, load combinations,
soil properties, and wheel slip values,
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VIIL,

It is recommended that:

{n

The theory and computer program devel-
cped for driven rigid rollers {wheels) on
soil slopes be extended to also include
towed rigid rollers (wheels),

Both the driven and towed rigid wheel
solutions, referred tc in (1) above, be
generalized to consider flexible driven
and towed wheels on soil slopes, thus
covering the whole spectrum of potential
wheel vperations as may be applicable to
different mobility modes on planetary
surfaces,

The solutions mentioned in (1) and (2)
above for single wheels be coupled to
congider the mechanical interaction

(4)

RECOMMENDATIONS

tween the wheels of a vehicle, Since each
wheel of a vehicle system is subjected to
varying loads, wheel slips, torgue, ter-
rain siopes, and scil properties, predic-
tion of vehicle performance requires
knowledge of coupled wheel mechanical
behavior. This program will assist in
{a) modeling vehicle-terrain interaction:
vehicle design configuration, safety factor
against immobilization, and power re-
quirements; {b) defining planctary vehicle
operation modes: route selection, deci-
sion risks, and data rate requirements;
and (c) interpreting mobility operations
and test results.

The results of the theory be verified and
validated by implementing a comprehen-
sive soil-wheel interaction testing pro-

pram,
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APPENDIX

POSITIVE RATE OF DILATION

A. Introducticn

Drucker and Prager (Ref. 13) applied the con-
cept of plastic potential to Eq. (56) and derived
the stress-strain laws connected with the rigid
perfectly plastic material. On this basis, the
axial plane strain rates arc

au

‘. 5?:_‘ -3 [sin¢> - sin (26 + cb)] (A-1)
au

EZ = ,8?7’ = % {sind) + sin {26 + ¢)] (A-2)

where A is a positive factor of proportionability,
in general a function of time and position. For
steady state X = X (x, z). The rate of dilation based
on Egqs. (A-1) and (A-2) is

A:Ex+ézzxsin¢zo {A-3)

From Eq. (A-3), for & > 0, A > 0. Shield (Ref.
7) expressed the velocity components u,,u, of a
point at failure in terms of the slipline velocity
components V* and V as follows:

e .
" _ V" cos {6 +¢) - V' sin 0 (A-4)
X cos ¢

(A-5)

_V¥sin(84+ )+ V' cos 8

1 E
z cos ¢
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Next Eq. {A-2) will be determined in connection
with the strain rates derived from Eqs. (A-4) and
(A-5).

B. Trailing Zone {£; = n/2)

For a generic trailing point (1)) (Fig. 10),
setting eij = 8 in Eqs. (42) and (43),

Vio= V= VEoexp {(ei - 0) tan ¢] (A-6)

L

(A7}

and substituting Fgs. (A-6)and(A-T)in Eqgs. (A-4)
and (A-5) results in

sin 0 sin ©
icosd

u o= -V! exp [(Gi - 8) tan ¢]

® cos¢

(A-8)

1 COS B cos O ]
u, = A% cos d Vi Tosd °XP [(G.l - 8) tan ¢

(A-9)

With x, z coordinates of point (ij), eij = Oj =8¢

{A-10)



du
X .
—= - ¢ =
ax 3
V!
1 exp |(6. - 8) tan ¢| (tan ¢ sin 8 - cos 0)6—6-
Cos & °XP i ) ’ dx
{A-11})
au
z - E. =
9z z

V! 56
i .
- m exp [(Bj - B) tan d}] {tan ¢ ¢os 8 + sin B)E

(A-12)

From Eq. (A-10), with x - Xy = rj exp [(6; - &
tan ¢] cos 6,

08 inB

-
5w T, exp [(9 - 9} tan ¢] (A-13)
. o .
3—2 = CL;S — exp [(6 - Gi) tan cb} {A-14)

i

Substituting Fes. (A-13) and (A-14} in Eqs. (A-11)
and {A-12), respectively, Eq. {(A-2) reduces to

Vi

A= L — 1 4, R
ij T Cos¢t1n¢ (A-15)

Introducing Eq. (38) in Eq. {A-10), and with
Eq. (40},

Vi Vi tan ¢ .
1j r, cos f tan ¢ = r. cos {Ei - 8% + b) -8y
(A-16)
or
. Vi tan ¢
A 5 — > ) (A-17)

i r, sin (81. - Ei)

Equations (A-13), (A-16}, and {A-17) indi-
cate that under steady state conditions the dilation
rate &;; at a point (ij) reduces to the dilation 4; of
a point on the soil-roller interface. Also for
¢ = 0, A"."I = 0, representing the incompressibility
condition of a Tresca material with ¢ = shear
yield stress.

To satisfy Eq. (A-17), sin {(0j - p;) must be
greater than zero; this condition in general holds
true as may be verified graphically or analytically
in most practical cases.

C. Leading Zone (§; = Lpgl

For a generic leading point (i) (Fig. 10},
setting 65 = 9 in Eqs. (48) and {49},

\rgz:j = Vo= V:J_»’ exp {(8 - 8]) tan da]
{A-18)

Vi, =V' .0

i (A-19)

Replacing Eqs. {A-18) and (A-19) in Eqs. (A-4)

and {(A-5), with 8 +¢ = 6' + n/2,
u, o féos‘bcos g6 +¢) =
VT sin B'
- ‘E—O—qT eXp [(0 - 9].) tan b}
(A-20)
Vs
U, Tosg 5P (0 + &}
V;i‘cos &'
“esa o [© - o) tan ‘]
(A-21)
With (x, 2} coordinates of (ij),
7z - Z
0. = tan-l( _Z) (A-22)
X - X
2
u
—E = £ =
Ix x
V=i{= exp [(9 - Bi) tan (p:\ . ' . 196
Aray I:— an ¢ sin 8' - cos 8]5)—(
(A-23)
gu
—Z . -
gz 7z

V’il‘exp [(9 - Bi) tan da} a6

: {tan $ cos § - sin 8]»8—2

cos
(A-24)

From Fqs. (A-23) and (A-24) with x - X, =
T; exp [(9 - 8i) tan 4;] cos @',

A
dx

qi_n—er oxp [(Bi - 8) tand{' (A-25)

i
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906 _ cos @' .
A [(ei - @) tan ¢]

(A-26)

After substituting Eqs. {A-25) and (A-26) in Eqs.
(A-23) and (A-24), respectively, Eq. (A-2) re-
duces to

Ai_j = eer § tan ¢ {A-27)
i
and with Eq. (46),
V.cos (o + £, - 1.}
A B S LR
ij T, sinfe + &, - 81} i
i 1 1
{A-28)

To satisfy Eq. (A-2), o + & - p;| = n/2, which is
satisfied for 0 2 sy = 1.0,

As for the trailing zone, Bgs. {A-27)and (A-28)
also indicate that the dilation rate A4y at point (ij)}
reduces to the dilation rate 4; at point i on the
soil-roller rim interface.

JPI, Technical Memorandum 33-477

In particular, for rim pointi = M, B'I\A = P
and Eqs. (A-16) and (A-28) yield, with Eqgs. (20)
and (23),

. \% v
AT . Mtano My . (a-29)
M T cos ¢ a
M
. A% v
AL:__—McotAtanxbf—-—Mtand:
M T a
M
(A-30}
or
. LT
AM AM : AM

Consequently, as expected, since the state of stress
along the soil-roller interface is uniform and
continuous, the soil dilation rate at point M is the
same when approaching M along (MLYM or along
(MN)M (Fig. 4). Also, since A; is proportional to
(rad/s), it would be of interest to verify to what
extent the theory of plastic potential (Ref. 13)is
applicable to the prediction of soil deformation ur -
der conditions of steady-state motion. It is know
that for continued straining under unsteady condi-
tions the dilation predictions far exceed the mea-
sured increments (Ref. 23).
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C

ds, ds’

&
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NOMENCLATURE

veloeity arm
roller width
roller center
cohesion

elementat arc lenpths along firstand
second sliplines

sail-roller specific energy dissipa-
tion coefficient

enerpgy input per unit time due to
moment M at roller axis

soil-roller energy dissipation
specific thrust force energy output
horizantal force soil reaction
center of instantaneous rotation
leading and trailing spiral poles
peint on roller rim

peint of intersection of 1 and j
point along slipline

distance parallel to slope o
moment

normal load

roller load per unit width

pull force on roller axle, parallel to
slope {P = bLP%

power consumption per kilometer
stress parameter

stress resultant {(soil-roller
interface)

roller radius

effective rolling radius

radius of "¢ circle" (Fig. 13)

leading and trailing spiral radial
vectors of point i

safety factor related to I?
max

safety factor related to W
max
slip %

first and second slipline curvilincar
coordinates

slip factor = 1 « s
thrust force

velocity components of point 1 in x
amd zdirections

translational velocity of roller
center C

absolute velocily of point i

velocity components of point 1 along
first and second sliplines

roller axle weight, vertical reaction
Cartesian coordinates

roller sinkage

terrain slope

angular orientation of fl, fg with
reference to x-axis {Fig. 5)

soil unit volume weight
increment

rate of dilation

angle as defined in Eq. (15)

obliquity angle of . with respect to
a radial roller direction

axial strain rates, x and z directions

stress parameter

JPL Technical Memworandum 33-477



0., Ofl angular orientations of first and
second sliplines at point 1

A positive factor of proportivnability
u - /4 - d)/Z
£, angular orientation of rim point i
i :
{Fig. 2)
angular orientation of rim pein
M 1 ientati f rim point M
{Bifurcation point) {Fig, 4}, deg
p, p! spiral radii of curvature for first and
second sliplines
Ei angular orientation of velocity v, of
rim point 1
o normal stress
T shear stress
) soil friction angle

JPL. Technical Memoranchum 33-477

TI%

Superscripts
L
T
Subscripts

k

thrust eificiency

angular orientation of a vector
normal to a surface

angular velocity, rad/s

leading

trailing

sce Section V-D
passive
spiral

transition
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Table 1,0, Soil-wheel input data for SWIP program application

L.oads Wheel Soil
) . Torque
Appli- slip s
Case - ~ . . o, Y, b c, PO M, Remarks
t . . ! 7
cation W, 1b{P, 1b{R, in.| B, in deg 1b/1n.3 deg pai ] lb-in.
| |Horizontal| 94.0|35.0 [13.95]| 12.0 | o |0.0584°]42.3P|0.06%| 25 600 | Tables L. (-
test? 1. 3a
94.01{35.013.95 12.0 0 0,0584 [35.0 [0.06 |See re-! See re-|Tables 1,4~
Lmarks marks 11.4a
2 Slope 100, 3 0 13.951 12,0 |20.4]0.0584 ]42.3 |0.06 |See re-| See re-|Tables 2. 1-
| marks | marks |2.4a
.
3 |Apolle LRV 60.0 0 16.00 1 10,0 0 0. 01 33,0 |0.05 |[See re~| See re-|Tables 3. 1-
marks marks 3. 2a
l—“,,VQ}\r _ _
4 Lunokhod-1| 35.0 0 10. 00 6.5 0 0.01 33.0 [0.05 |See re-|See re-|Tables 4.1
marks | marks |and 4. la

2Reference 18,

bReference 24,

|
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Table 1.1. Horizontal tcst for ghﬁ = 99 and S = 0. 75 (upper bound)

TR AR AME T K St

pal g XT )y S = 4, Oy Ak, (O Sk Yy AU
BLVHAGAA 0] 4 (= AR RIERDA AL 1YYy LA 00
RaH = 13,9500 1 2. Ui

FHTRESS wARARE IR G

Tl Tating = 131 8846 FHETACL_ P} = 1NY Y21 Y THEA (P )= EEELN I
THETA (50) = HiY, 1H M THET AN = 32,7970 THETAa tmn) = Te21TU
P = 22N Bllo= <00y Pt = Lalig 01

[RFSI TN ppMn = L6941 PRk = AN

P RRAL STRESSES AT LN = AN . MY4 Yy 7714
TANGENMTTAL STRESSFES AT iy Myni= . 7390 T .l BAG

FLEMETRIC PARAMETER G4

CEmYERr o s TanTANYIUS ROFATIDN=-—- Xt = [SIPISNRIY] iR = 10,4629
TRATLIMA SP[RAL PIILF-—= XPl= =3.114n6 /PL= Ha&4l22
LEADTNG SBIRAL PO R=-—-— Abz= -3, 689 B2 = 12, 7/9uU5
HIENROCATTON RPOIMT=—— X = -2 1HL Im= 13.77H7
LEARTAG FRGe——— L= =3,H04b o= 13,4211
LeAnTMG SR IR, CHORDIWATES~—- Xz =4, 7141 i = 18.1 294
TRATILING S8 ——— XM o= oK o= 13.7436
TRATL NG SpIRAL CHHRPDIMATES—~- KMn= faB32 T fmp= LaaH225
10, = 1NheRAAY X1(n)= TlehRS/
sVERTICAL, REACT{0IN:
WP = =20 (DR WKGL= 4.5211 WKSL= —=49,9925 TTal _fFaninG = -85 ,5536
WK ET= 1.70%0 WwKAT= A T4 WKET= 47,0818 Tnla, TRATLIMG=  —4%,4d94
AMRTZIITAL REACT [0l
HEPL= 27,0809 HKL = =9,022% Tatar Leanine = 18,0563
HEKPT= —13,1%9% HKT = -39 ,H9K”H Thial TRATL (M= —=%3.0548%
EMOMENT S %
Ol = =18,2792 MY = 2T7hH,TYART ML ==345,. 1012 TiTal _EabDING = =Hh 5k 43R
MeT = 19.hb6Ak MST = 423,4217 @P1 = 1495,.0420 TOATAL TRALL ING= A3H L0304
THNTAL TNRONE = b8 1. 48AT7 La=1MOHES = Tha?Z293 KL=METEFRS

EM g F P, = JHENA J3123

JPL Technical Memorandum 33-477



42

Table 1.1la, Horirontal test for £34 = 99 and sy =

(R TR N R IO ALY N B S RN

0.75 (lower bound)

Al X T Y e N o= Sy gtk Amo0nn R ] LR
PR LR T N GO NRER PO PR B T ) 8 NN JhhRa 43, LY9y QALY
Hogtn = 13,9500 17Uy
N TRESS pARAmET R Sw s

THRETA{I NP ) 14721774 TAFTAGLLEY= T jUL2 40y THETA (wmb )= 13,3508
THETA (M) B Wiy, 1o THEA(NN) = AR THETA ()= 1K,511H
LBl = ) Pl - O Pl = L9YOY
P = 9300 EATTR W HRH3 Pl = AL ST
NORMAL STRESSSS b ymei = e AU bH Pl A2
FARNT TAL S ERESSES AL LMy = R b3S A 1171

GRS R T PARAMK T R RS
CENTHRE DF S YaMTAMELUS ROTATTOM=-- XB = i, UL fH = L, s2%
TRATL M S [RAL Yil k=== AW = -3.1l36 Pl = HedlsZ
Lr Al TG SY [RAL it R-—— KPA= =4, 6820 Lrg= 1247900
SIETRTAT TR BTN —~— rir = ~Z. 827 lmoo= 14,778
LEANTHO D === Xioo= = 3,904 iy = 13.3923
CEARTIMG SYTRAL CIURODTAATES === Xl = BTG EEY) M= T {346
THATL TR S ——— XM = BJHT7Ti6 AN = FAle 390
THaAT ey ST, COORDIMATEN === XM = TUsdHTa fmn= 13,4759
X1 {I_)y= 1062047 XTI} = Al (96

Ve TECAL REALT DN S

WEPL - = handolyd WrGL= hafrbrhd WKSIL= =4 (,2141 TOTAL LFANING = =57 ,6449¢
WK PT = 2 alrrh HOWKGT = 12.67A2 wKST= 52,0300 TOTAl TRALL [mG= =3h Y3y

AR T 70T AL, READT THN =
HEXPL= 31,9477 HKL = ~4.7201 THTAL “FADING = 2T 72615
HKPT=  —9,5026 HLKT = -57,.7648 Total ThAalLInGE  —H2,.26 /75

M E T S

WG] = —P2A,3 I HA AN = 253,9027 mbPl o =—43¢, 7990 Tulal LEaniuG = —=20/7,72144
WOGT = 672 04 M5T = 10,0199 w2 T = laa,4m6892 TOlTal Froafi Irs= flben/Ys
TOTAL Ttk = S04, 5129 Ln=TmiHES = Te415] KG=METRERS

e P, = Lh1TR REYFE!
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Table 1. 2. Horizontal test for ghA = 101 and s, = 0.75 {upper bound)

AMBHT PARAMETERS

WPy X T IM) 45K = Q4 000 45 (H)O{)
ALPHA ,GAMMA L, UHT 0 = 0,000 LRI
RyB = P4e9hMH)

*STRESS 2ARAMETERS

k

L0 Y9y
43l MUY
1274 Uy

o 1500
LOAL

THETA(LNIP Y= 130,680y THETACL PY = HenETY THETA(MP ) = 39,4804
THETA (M) = R o ZHOH THETAENM) = 4 f.0nfy THETA (NG ) = T4 93547
BT = . 225 P, = SRZ2ZQ Pl = b aisyh
Moo= 1.00497% PMN = WH2OH PN = Wil
MERMAL STRESSES AT I_gMgN = .1954 leldan REYNIR!
PANGEMTT AL STRESSES Al _ymyhs ~ (111w chYlu «BRhG
SEOMETRIL PALAMETERS
CEMTER (e TSTAMTAN=SOUS ROTATIUM-——— &K = 0, 00y i = lit,anih
TRATLING SPI<al POLF=== XP 1= —-3,0342 FA T.67Y9
LEADTNG SPIRAL PLLE—== KPs= —ha4lad Ivs= 124709k
BIFHRCAT IO Pyt i~—— X = —7,.601f LRz V3.1n356
LEADYING EDGR-=— XKL = =4.4/7480 fL= 13.7451
LFADTMG S2IRAL CHORDINATFS——= XM= =&4,2297 I = 17.2671%
TRATL ING ENGe —== A= 2ednb Ity = 13,7511
TRATLTING SPIRAL, CONROINMATFEFS-—~ XM= he 399U AN 1h.9%H5
XTI (L= 108 2908 XTUN)= K. 3l an
SVERTTICAL REACT I
WKPL_ = m23,3260 mKGL= 3.125%3 WKSIL= =31 ,2473 TuTal LEAUIMG = —Y1l.48h7
WKPT=  =1,666]1 WKGT= 5,5013 WKST= ~46,4165 TOTAL TRATLINGE  -642.58172
S HOR ] ZNMTAL REACT T (e
HKPL=  20.1000 HKL = ~11,09433 TTal LEFADING = 9,0017
HKPT= =1A.8108 HKT = =’7.1908 TOTAL TRATLING=  =~a44.001/
SR MM N T S e s
MEGL = = 1A ,89624 MSL = 2R4.7550 MPL ==207.9697 TUTAL LFADNING = DY.HZ2Y
MGT = AJHTNG MST = 3ll.abl3 MPT = 245,069]1 TOTaL TRalLIMG= bH63.4014

TOTAL TrROUe = H23.2243 L=INCHES =

EMeLP = «6336
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Table 1. 2a. Horizontal test for ghd = 101 and s, = 0,75 (lower bound)

WeP X T1M),SK
ALPHA JGAMMA,RHT
Ry R

13
“

THETA NP
THETA (M)

1]

=28
Py =

<2025
LR

MUKMAL STRESSES
TAMGENTT AL STRe

CENTER M
TRATLING SPIRAL
LEANTMG SPTRAL

RTIFURCaT TN PDT
LEANING SOGF ==
LEADTING SO TRAL

TRATLING RLGFE ==
TRATLIMNG SPLIRAL

IS ta

X[ ()= 1N9,094

WK P
WK PT=

=20 .53hA
« 1 90A

HK P
HKPT=

7B.5291
=13.1707

M. =
MGT =

-70.3204
3I5_0KTA

TOTAL TOROUE

FMyEP

44

AINPUT PARAMETERS

Q4 ,0000 45,0000 L0999y 1500
L= 0o 0OH0 L5 RG 4h. 19y SBADO
13.49%00 12,0000
SIRESS DARAMETER S
ER AT THETALLLPY = 949, HH 99 [HETA{MP) = 49,4804
fo7ROB THETA{NN) = ER R T THETA (MY = 2TebunT
ey, = LH292 pmi = sHARD
BN = LoR26 PRIM = Ahuh
AT Letyn = Lih94 1.0Llb56 FEREN
S5FS AT yaMen= . Laat} Bl - Ih 1A
CGEOMETRIC PARAMETER Sk
NTANFUUS RIOTATIHUN=-== XK = O uuy /K= 10,4k2%
RILF——— XPl= ~ 3,034y Pl = 1Lk 2
POILE —== KW72=  ~Goalaf IPe= 12,2496
SRR AM = =2 60617 it = 13,6936
XL = ~4,56%h LLo= 141874
COORNINATRES——= AML = —9e 3044 M= IR, 2066
- XN = 4 360 o= 14,1919
CINRBINATFS——— KM= .Ukl s /MM = 1h.h{/%3
9 X1T{N}= 100744
VERTTICAL REACT LHiN=
WK = HelalR WKSLL= =39,161l% TOTall LEADING - =h&.h5H%3
WKL T = 11elfH3 WKST= —51,2684 TOTaL [KATLIMG=  —=39.50Y4
SHARTZONTAL REACT N
HKL = =R ,.10&0 TOTr, LFEAD]INMG = List211
MKT = =30,72504 TaTayl TRAILCING=  =52,4711

ML N T S %

MSL = Z8B,RIAT MPL ==302.A4773 TOTal
MST = 39n,72206 MPT = 195,3001 ToTal
SH1.4H77 LU~-INCHES = RO, 3902 K

= L8917 W3773

LEADTING = —349.145%A
[RA LI T = A2 ARG
U=mMETERS
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Tahle 1,3,

SINPUT AR AmETE
WPy XTAMY, 4K = 94,0000 348,

BLPHG (R AMMA BHT 40 = 0 .N0un .
RayH = 13,

G IRESS 2AAMETL

THETA(LORP )= 1727 .66%, THETALLLP) =
THETA (M) = R, 1430 THETA(NN) =
Py o= A H v = - ROK0
BHo= to07sl PMN = R8T
RORMAL STRESSES AT LM, N = .
TANGENTTAL STRESSFS AT L ,M,N= -

HhHEOMETREC WARAMET

CENTER NS INSTANTANKOUS RITATT(N=—x
TRATLING S IRAL PO k===

LEADTNG SPIval POLE-~—

RTEHRCAT TN () T8 Te=—

LEADING FIGE=~==

LEARTNG SO TRAL CUNRDINATFES~——
TRATLING EOGE==—

TRATLING SPIRAL COORDINATES==~—
XI {1 )=

109, 2450 XT{w)= H3

FEFVERTICAL REACTI

WK P,z =23 8804 WKGL= 7 hB3H WKSI =

WKPT=  =3,6701 WKGT= B 0B (5 WK T2
®HITRTZONTAL REAGTI
HKPL=  14.9A1A HKIL, = =11.N0%45%
HKBT= =1R8.3406h HKT = =27.%h24
HMIPAE N T G2
MGL = ~15,2603 MSL = 271,1994 Mo =
MET = 3.1780 MST = 2772,47A0 MBT =

TOTAL TNRMwlk = AL RTIN LH-INCHES

FM L EL = sHHaY

JPL Technical Memorandum 33-477

Horizontal test for ghﬂ =

102 and 5, =

0. 75 (upper bound)

k
R
none 14 99uy o fH 00
) HH4 G4, 199Y «OAUL)
Q51 12,0000
R e
d7. 3019 THETA(MP ) = 47243430
YRR YA FHF TA (N Y= 17.9%67
FMI = 107 8¢
BN Shaby
247/ 1o7373 R
1513 LTULY LA R
o S
in = 0, Uatu /Ho= T.46/h
XK1= 7. 90t/ iPL= fol4HE
KVez  —4, {633 fpe= Flosafa
XMoo= =2, Y90us /= 13,h465]1
Xo= ~4 . hYKU L= 13,1704
A = —4.ll3¢ 7tm_ = 16.75%hH
XM= leh3Ub N = 13,4543
XM= Fatbhnl A = 1A,2117
LR Ta
R
=2%.2761 Tnla, LEADING = —48, 6727
—G& L, RAYE THT o, FTRATLINGS =4k 4124
(NINE
ThTal, LEADING = h,9030

TOTaL TRATL Thg=

—1S0) HGT Tlal LFAOING =
2AB,1T29 TOTal THALL InNGs

=40 90309

105,0420
R4 3,128y

= Ry, THYK KG-METFRS

<3724



Table 1, 3a, Horizontal test for if,M = 102 and S 0. 75 (lower bound)

sl AR aME T S

By X fAM Y g5 = Q4,0 dh N0 Tolevyyy R
A b e A g BT 1 = n.naon Wil “4Ae | gy . A0
Fogbo= 14, 9% 00 17,0000

N ESS P AR AME TR N

IH=T a2 = b axhsl FHE AL M) = e s THFIA(mE )= 42703440
i Ta{m}] 19e e 10 THETA Y = RS It B} Irib fa (i) = 3tea3a
Hio= LAUCH P = JAA] Hal, = BN

(RIS P Moy = PR Higsl = -1

Ml Al ST 2SS nT Ly = FEEALE Tellngy o LiYAX
TAMG=M T TA S TRE885S /Ly igie VI PG o 14Ny

SOEOF TR TG PARASMET FRSH

b TeERr e TS TANTAMES RIVTATTION=== x4 Ve (LY [ ehndn
TRAT_TIRG N2 TIRAL Py F——— AHl= —Seunnd TelAnn
LEAINTSG S [RAL P ——— KPP ds  —4,.dm44 1labal4
WERTROA T Tl i) ] s e A= e G0 13645l
LA TS0 GGy ——— Ko = =4 bbby 13s00/1748
LEADTNE SR ERAL G LA TR == LT - AN 1/av289
Toon e b 2 ==— K= 1a Y Ub / 15,3429
R R S N I O S T ST Sl B TP N I S Kortid= I S = | N R
T ()= [ RS IR X1d)= fiethll
s ER TTCA, P ACT ks
WKL =2 4=4 4 wKGLE Lo lla wWwASL= =F6.410 10 TUlaL LFaANLeG = =82 ,95/2
VKPT = —LasHT WKG = T1l.hh%3H wkST= —hJ, 2203 (ilial (RA L Irit - =4 a4
O PR AN T N O S O R TR
HAPE = R4 anh 1R, # -0/ Titiawl LEADTMG = 14t 54
AT = —1h 1und kT = 48,6479 Fivlal, TR L Teits= 49,8742
JETRIERS N N
syl = =2nehnld WS = Zan.hbhd MBIl ==2hh.0A2Y THTAL ran o, = H.4909
MGT = 31.2n19 W8T = 45a,2437 0] = 201247 TOTAL ITxaTL]rigs A%, 6100
(bl TaRnoe = R, 1009 Lg=Trlllry = HAahdu] WM TERS
gk - L] 42 L3023
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Table 1, 4.

whk [MRIT P ARAME TER Sicik

WPy XTI (M) ,SK = 94.0000 35,0000 103,9949 « 7500
ALPHA yCAMMA L PHE O = 0.0000 0584 A4 . 9999 LUARDD
R,R = 13,9500 1240000

wHHSTRESS PARAMETER S
THFTAILNP )= 147 .0000 THETALLLP)= Y2, 4864 THETA{MP) =
THFETA (M) = 1N2.678H7 THETAINM) = 38,3496 THETA(NEY ] =
PO = . 2009 PLL = e 7616 PMi. = « 9852
PM = L9567 PMN = 6260 ENN = <3517
NORMAL STRESSES AT LaMeN = «2B845 1.1647 1637
TANGENTIAL STRESSES AT LyMyN= -+ 1940 sB3h 17472

uAGEOMETRIC PARAMETER Sk

CENTER AIF INSTANTANFOUS ROTATIUN=<= XR = 0. 00UY 6 = ]
TRATLING SPIRAL POLE-—— xXP1= -2.1518 IPL=
LEADING SPERAL POLE==—- XP2= =5.42264 Ire= 1
BIFURCATINN POINT—-~- M = -3,374y M = 1
LFEADING FDGRE=-=—= XL = -h.48Y4 L = ]
LEADING SPIRAL COORNDINATES--- XM=  =-5,6508 ML= 1
TRATLING EDGE~—- XN = 443598 IN = 1
TRATILING SPIRAL CODORDINATES==— XM N= T.4397 IMN= 1
XI(L)= 113.1730 XI{N)= TL.7880

R VERTICAL REACTTON®R%
WKPL= —=17.3431 WKGL= 3,4031 WKSL= =3].6086 TOTal, LEADING =
WKPT= 2.2742 WKGT= 13.0597 WKST= ~H3,6%7% TOTAL TRATLING=

FEFHDRIZONTAL REACTION 3%
HKPIL= 23,1116 HKL = =7,7770 TOTaL LEADING =
HKPT= =1h.6BBlL HKT = =-34,h484 TATAL TRATLING=
HRHEMUMENT S

MGL = =22.3480 MSL = 272.3250 MPL =-244,5668 TOTal LEADING =
MGT = A2.677T0 MST = 332,9537 MPT = 242.4732 YOTAL TRATL ING=

TOTAL TORQUE =

FM ETyTHRUST EFFICIFENCY=

JPL Technical Memorandum 33-477

613.514)

LB=—INCHES =

$h23H «3723

B4 .B219 KG-MFTERS

5368

Horizontal test for £,, = 104 and 8. = 0.75 (upper bound)

4l.6787
14 .T7T468

.t 625
8.0994
1.2867
3.5354a
2.824%
645409
3.2512
5.6879

-45,5385
=48.3235

15.3346
=50.3346

5.4101
A0B. 1040

8%

-]



48

Table 1.4a. Ilorizontal test for gM = 104 and $ =

CIMPUT PARAMETER S

0.75 (lower bound)

Wy PeXT M)y 5K = 94,0000 35.00N00  103.9999 « 7500
ALTHA 4 GAMMA ,PHT ,C = 0.,0000 L0584 34,9999 U600
RaeP = 13.95n0 12.0000

2525 TRESS PARAMFTERSG %u%
THETALLPP)=  14R.4617 THETALLLP)= Y6 . 3393 THETAIMP )= 47.6787
THFTAIM) = 192.67R7 THETA(NN) = 32,7638 THETA{ND )= 21.2900
pIr = . 2009 PLL = . T183 PML = «9691
PM = 9313 pmMy = «Hh4a60 PNN = £ 2659
NIJRMAL STRESSES AT L,M,N = AN 1.1315 .01933
TANGENMTTAL STRFSSFS AT LyMyN= - 1379 L4512 L1253

wRAGROMFTRIC PARAMETER S

CENTER NF INSTANTANEOUS ROTATION=--- XRBR = 0. 0000 FA 10.4625
TRATLING SPIRAL POLE==- XP1l= =~2,15918 P = 8.0994
LEANING SPIRAL PNOLE-——- XP2=  ~5,4226 P2= 11.2867
RIFURCATINN POINT==- M = ~=3,3748 M = 13.535%6
LEADING ENGE-~- XL o= =5.5887 L = 12.7815
LFADING SPIRAL COORDINATES == XML=  ~6,U0313 M= 16,7657
TRATILING FDGR==- XN = He3083 IN = 12 .9005
TRATLING SPIRAL CONRDINATES-~- XM N= B.68594 IMN= 15.14858
XIUL)= 113.6174 XII{N)= AT.633A

FuEVERTICAL REACTION: %
WKPILs —-1A,4021 WKGL= 4,0320 WKSL= —~34.5012 TOTAL LEADING = 46,8713
WKPT= 247157 WKRT= 14,0181 WKST= -65,5958 TOTAL TRAILING= -46.8619

FEHHORTIZNNTAL REACT L (INS 3%
HKPL= 2R ,N784 HKL = =46,9340 TOTAL LEADING = 18.1443
HKPT= =13,2243 HKT = =39.9200 TOTAL TRAILING= =53,1443
S EMIIMENT S kst

MOL = -75.5632 MSL = 280.4473 MPL =-277.49H4 TOTAL LEADING = =-22.6143
MGT = h2.2253 MST = 364,2121 MPT = 207,2344 TOTAL TRAILING=s 623,6719
TOTAL TOROUE = A01.0575 LB=INCHFS = 83,0993 KG-MFTERS
FMaFT o THRUST EFFICIENCY= WALl L3723 L5092
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Table 2.1. Wheel performance cn slope for gM = 110 and g = 0. 55 {upper bound)

%% INPUT PARAMETER Swax

WyPeXTiIM),ySK = 100, 3000 ,006G00 19,9999 + 5500
ALPHA 4GAMMA ,BHTC = 20,4159 LO08BE 43,1999 L0600
R, A = 13.9500 12.000U
*RSTRESS PARAMETERS#wx

THETA(LOP}=  135,4994  THETA(LLP)= 91,8329  THETAIMP)=  61.6883
THETA(M} = 10R.4883  THETAINN) =  Bl.2609  THETAINN}=  43.3803
PO = L2025 PLL = JHATS PMI = 1.0565
PM = 1.0314  PMN = 29135  PNN = L7011
NORMAL STRESSES AT LyMyN = L4372 « 9594 L5715
TANGENTTAL STRESSFS AT LaMyN= ~. 4654 L7060 .4154

®ERGEOMETRIC PARAMETER S %=
CENTER OF INSTANTANFUUS ROTATION-—-— XB = -2,6764 IH = 7.190%
TRATLING SPIRAL POLF=--- XPl=  =5.8971  IPl= 1.2107
LEADING SPIRAL POLE=== AP2= =10.3791  2P2= B.1417
BIFURCAT INN POINT—-- XM = -9,044¢ IM = 10.6209
LEADING FPGE--- Xt = ~10.el6l 2L = 49,2793
LEANING SPIRAL CONRNINATES=-= XML= -10,5274  IML=  12.7547
TRAILING EDGE--- XN = —4,030y  IN = 13,3549
TRATLING SPIRAL CONRDINATES=~- XMN=  ~3,5423%  IMN= 16,5337
XI{L)= 117.8875 XI(NY=  B6.3T96

sHVERTICAL REACTION® %%

WKPIL= ~19,2240 WKGL=  1.,9010 WKSL= -21,9923 TOTAL LEADING = =-39,3153
WKPT= —=13.2269 WKGT=  6.1382 WKST= =54.3763 TOTAL TRAILING= =b1.4650

WARHORTZONTAL REACT[ (N
HKPLL= 19,0691 HKL = -3,2536 TOTAL LEADING = 15.8154
HKPT= ~-14,2901 HKT = sATGT TOTAL TRAILING= =-15,.H154

EEMUMENT S %%

MGL = =721,1603 MSL = 261,8R61 MPL = -9.9489 TOTAL LEADING = 230.776H4
MGT = =38,5212 MST = 244,5758 MPT = 294,5256 TOTAL TRAILINGE 500.5803

TOTAL TNROUE = 731.3572 LH=INCHES =

EMyET 4 THRUST EFFICIENCY= 1.0140

JPL Technical Memorandum 33-477

[01,113% KG-METERS

.3722

+3670
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Table 2. 1la. Wheel performance on slope for gM = 110 and s, = 0.55 (lower bound)

#HEINPUT B ARAMFTFR Sk

WPy XT{M),SK = 1IN0 3000 N.00NO  10Y,999y 5500
ALPHA yGAMMA ,PHT 4C = 20,4159 L0544 43,1999 SLYeIV]
RyB = 13.9500 12.000U0

S TRESS PARAMETERS#%%
THFETALLOR Y= 137.7509 THETA{LLP)=  10U.T263 IHEFA(MP )= hl.6883
THETAEM} =  10HB,4HAZ FHETA(NN) = Ta, ikes 7 THETA (N1} = 51.7660
PO = . 2025 eLL = L6706 bMi, = LH64H
PM = LOLRL PMN = .7337 PNN = 4207
NGRMAL STRESSFS AT L4MN = 2419 B4 70 .3178
TANGENTT AL STRESSES AT L 4MyN= —~ 2787 6284 . 2853

EHHGEUMETRIC PARAMETER S¥ %k

CENTFER MIF INSTANTANFOUS ROTATIUN==— XB = =2.6164 28 = 7.1908
TRATLING SPIRAL POLF===- XPi=  =5,897¢ I¥vl= 1.2107
LFADING SPERAL POLR==— XP2= =10.3797 iPZ= Ho14l17
BIFURC AT ININ PUINT-== XM = =Y,.044¢ M = 10.6209
EEAGING EDGE-—~ XL o= -10,5%634 L = G,1113
LEADING SPIRAL COURDINATFS-—- XM= —11,373% Imy = 13,3480
TRATLING FDGR=-= XN = =2.315%Y9 IN = 13.7564
TRATLIMG SPIRAL CONROINATFS——- XM= —1.]1089 ZMN= 17.9434
XTtL)=  11B.R0OG1 XI(N)= 79.1403

R VERTICAL REACT L ON %
WKPL= ~1T7,3385 WwKGL= 3.1893 WKSL= -27.5860 TOTAL LEADING = -41.7393
WKPT= =11,0054 WKGT= 11,0070 WKST= =8H.5678 TUTAL TRATLING= =58,65A3

aKHIPK T ZUINTAL REACT € (1N ek
HKPL= ?22.98R5 HKL = =1.2492 TOTAL LEADING = 21.7393
HKPT= —-1A.,4917 HKT = -5,247% TOTAL TRAILING= -21.7393
EREMOMENT S Sk

MGL = =34 ,01R84 MSL = 307.4669 MPL = ~70,9631 TOTAL LEADING =  202.4853
MET = =%A.1329 MST = 242.1864 MPT = 283.2736 TOTAL TRAILING= 469.327]
TOTAL TNRE = 671.8124 1LR=INCHES = 97 .HBLY KG=METFRS
FMyET 4 THRIJST EFFICIENCY= L9315 £3722 +3995
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Table 2,2, Wheel performance on slope for ghﬁ = 110 and S = 0. 65 (upper bound)

EEINPUT PARAMET ER Sk

WPy XT{M)ySK = 100.3000 0.0000  109,9999 LH5 UL
ALPHA 4GAMMA JPHI 4C = 20.414%9 L1584 43,1994 ORI
RyR = 13.9500 1244000

¥a%ESTRESS PARAMFETER Sk

THETA{LDP Y= 134,7457 THEFALLLE)= 85,0934 THETAIMP) = T0.1512
THETA(M)Y = 116.9512 THETAINM) = Ak, 7381 THETA(NO ) = A4 L 8BHUZ
PO = « 2025 PLL = 1.0312 PML_ = 1.1457

PM = l.1318 PMN = Lean?? PNN = JBAYR

NORMAL STRESSES AT LyMyN «H40E 1.2850 7661

TANGENTTAL STRESSES aTl L,yM,n ~e6255 L1637 <BT638

SEAGEUMETRIC PARAMFTER S

CENTER NE INSTANTANEOUS ROTATION==-= XB = -34,1630 ZH = B.4979
TRATLING SPIRAL POLF=—= xXPl=  =9.1566 IFy= 249791
LEADING SPIRAL POLE==- XP2= =10.256Y pz2= T.2615
BIFURCATINN PUOINT~—- XM = —9,0467 M = 106209
LEADING FDGE === XL = =10.0497 L = G.6749
LFADING SPIRAL CONRDINATES~—=-- XML= =9.8667 IML = 11.8075
TRATLING FDGR ==~ XN = =4,H45H IN = 13.0812
TRATLING SPIRAL CNUORDINATES-=- XMN=  =4,734% IMN= 16 .7T006
XT{Ld= 115.672% XT{N)= 89,9106
R YERTICAL REACT [ NINZxx

WKPEL= =15.0300 WKGIL= LTIL4 WKSL= =13,4206 TOTAL LEADING = =27,7397
WKPT=2 =19,9701 WKGT= Ge36RG WKST= ~59.1700 TNTAL TRAILING= =72.7717

EEAHORIZONTAL REACTION*®&x
HKPL=  L1L,9736 HAL = -2.0915 TOTAL LEADING = 9.5821
HKPT= -19,7495% HKT = 9.R674 TOTAL TRAILING= ~9.4821

BRAMOMENT S %

MGL = ~-R.5330 M5L = 157.1346 MPL = 20.8128 TOTAL LFANDING = 169.4144
MGT = -42,8072 MST = 21445360 MPT = 39,0730 TOTaL TRAILING= 562.80148
TaTaL TORAQUE = 732.2163 LH-INCHES = 101,2327 KG-METERS
FMyET 4 THRUST EFFICIFNCY= 8590 .3722 .4332
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Table 2. 2a.

waw [ NOUT PARAMET ER S 30k

WeP+XTTMI, 5K = 100,3000 3,0000
ALPHAGAMMAPHILC = 204159 584
R4H = 13.49500
xRS TRESS PARAMFTER S#%%
THETA(LDOP)=  134.5818 THETA(LLPY= 849
THFTA{M] = 1ll6.951¢ THETA{NN] = Y%
Ry = 20025 PLIL = 9014 PML =
PM = 1.0320 PMN = <9366 PNN =
NUORMAL STRESSES AT LyMyN = 4973
TANGENTTAL STRESSFS AT 1L4MyN= -.5148

#EGEYMETRIC PARAMETERS %

CENTER OF INSTANTANEUUS ROTATEUN-—— XB =
TRATLING SPIRAL POLE-~— XPi=
LFABING SPIRAL PiLF=== XpP2=
RIFURCATION PUOINT——=— XM =
FEABING FOGE=—=— X =
LEADING SPIRAL CONRDINATES==- XM=
TRATLING EDGR === XN =
TRATLING SPIRAL CONRDINATFS === XMN=
XTtLi= 116.68583 XT{N)= 87,2911

sraVERTICAL REACTIUN®®X

1.1163 WKSL= =16
Ra2754 WKST= =59,

WKPL= ~15.6411 WKGL=
WKPT= -1R8,3141 WKGT=

*EAHITRTZOINTAL REACTIN %%

HKPL= 14,1199 HKL = ~1.7894

HKPT= -19,.8063 HKT = T.4762
HHEMIMENT S %%

MGL = =12.8101 MSL = 183,1972 MPL = 6.

MGT = =52,230) MST = 212.8244 MPT = 380,

TATAL TOROUHE = 71747651 LB~INCHES =

FMyET,THRUST FFFICIFNCY= «B42]

109, 9949
43,1999
12,000u

Wheel performance on slope for gM = 110 and S = 0,65 (lower bound)

+6H500
« UA 00

.0328 THETA (MR )= 70.1512
« Q370 THETA(NO) = 48.1827
1.0527
«675%6
l.1661 « 5929
6787 4671
-3.1630 B = B.4979
-5.15%606 iPL= 2.9751
10,2569 2Pz = {.2615
—9,0442 M = 16.6209
~10.2191 L = 9.4958
~10.1 747 ML= 12.1278
=4,2429 IN = 13,2891
~-3.87 74 ZMN= 17.4139
OZ62 TOTAL LFADING = =30.5%10
6H36 TOTAL TRAD.ING= =-69.7273
TOTAL LEADING = 12,3300
TOTAL TRATLING= =12.3300
3449 TOTAL LEADING = 176.7316
4362 TOTAL TRAILING= 541,0335

96,2347 KG-METERS

$37227

4420

(@
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Table 2,3, Wheel performance on slope for &, = 105 and s} = 0,65 (upper bound)

A INPUT P ARAMETER S

WiPyXT (M), 5K = 1004 30Nn0 N0.0000 104.9999 « (500
ALPHA GAMMA ,PHI,(C = 2 es1n9 J1o B4 43,1999 «UAGO
R+R = 13.9500 12.0000

#%uSTRESS PARAMETERSmix

THETAGLOPI= 14046762 THEFA{LLP)Y = Yo. 149 THETAMP) = 59.7416
THETA(M) = 106.%410 THETA(NN) = T6.A502 THETA (NN = 37.2337
piy = . 2025 PLL = HHGT P = 1.0901

pMo= L0562 PMN = <9376 PNN = L1343

NIJRMAL STRESSES AT LeM,N = o 29492 l. U610 «BhTR
TANGENTTAL STRESSFS AT LsMiN= ~. 3172 « 198 «Hh913

REGEOMETRIC PARAME [ER Smws

CEMTER OF INSTANTANEUUS ROTATIUN-== XR = =3.1630 o= B.4979
TRATLING SPIRAL POLE--- xPl=  -5_8589 IPi= 3.8767
LEADTING SPIRAL POLE-~- XP2=  -9,3419 IP2= 9.1l44al
BIFURCATINN POINT==-= XM = =H,0841 iMo= 11.3687
LEANING ENGE==-= XL = -9,%0(y L = 10,2080
LEADING SPIRAL COORDINATES-—— XMLz  -9,9371 M= 13.8351
TRATLING CDGE=-—— XN =  =3,5H7493 /N = 13.4829
TRATLING SPIRAL COUORDINATES--- XMN=  =2.9136 LM = 16.7883
XI(L)=  112.5501 XI{N}= B, 4514
#wEVERTTICAL REACT [ Owas

WKPL= ~18.7890 WKGL= 23175 WKSL= =26.9640 TOTAL LEADING =  =43.434h4
WKPT= =11,0238 WKGT= 449675 WKST= ~51,2648) TNTaL TRAILING: -57.3245

FRAHDRIZONTAL REACT I ON: 3%
HEPL= 22,2113 HKY =  ~3,0039 TOTAL LEADING = 19,2073
HKPT= =1A.1693 HKT = =3.0380 TOTAL TRAILING= ~19.2073

ERAEMOPMINT S %ok

MEL = =22.901% MSL = 28R.T7918 MPL = -R5,8012 TOTaL LEADING = 180.0890
MGT = =27.33593 MST = 285R.N377 MPT = 277.2376 TOTAL THRAILING=  5U07,9394
TOvAL TOROUE = GRRLG2R9 LB-INGHFS = 95,1735 KG-METERS
FMET 2 THRUST EFFICIENCY= LHOT2 $3722 G611
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Table 2. 3a.

Wheel performance on slope for éM = 105 and s =

0.65 (lower bound)

WaP XIIMIL4 6K = 100.3000 0.0000 104.9999 L6500
ALPHA yGAMMALPHL L = 20a4159 «05R4 43,1999 L0600
ReB = 13,9500 12,000u
##E5TRESS PARAMETER §¥ex

THETALLIR )= 144.6045 THETA(LLP)= t1l.9612 THFTA(MP = 59.7416
THETA(M) = 106.54l6  THETAINN) = 60,8132  THETA(ND)=  S6.5732
PO = « 2025 PLIL = .« 5005 M = - 9742
PM = 2B92H PMN = 6214 NN = 2327
MIRMAL STRESSES AT LyMN = .1238 L8466 L1220
TANGENTTAL STRESSFS AT LyM,N= ~.0344 6082 <1522

“HEEGEQMETRIC PARAMETERSH %%
CENTER {JF INSTANTANRUUS RUTATIUN-=—- XB = -3.163U iy = B.4979
TRATLING SPIRAL POLR=== XP1l= =5.85H89 [Pl= 3.8767
LEADING SPIRAL POLE-——- XP2=  ~F.3819Y P2= 9,144l
BIFURCATINN POTNT--~ XM = -B.0841  ZM = 11,3687
LEANDING #DGE-=-- XL = ~Y9.7268 L= 9.49995
LEADING SPIRAL CUNRDINATES === AML= =~1t.6486 LML= 14 .7655
TRATLING EDGE--~ XN = -.2333 N = 13.9480
TRATLING SPIRAL COORDINATES=—~- XM N= 242003 IMN= 1843139
XIfLi=  113.7920 XT(NI= 70,5424

HVERTICAL REACTIUN=ws

WKPL= —14.2141 WKGL= 4.917T WKSL= =~36.9407 TUTAL LFADING = =46.2371
WKPT=  —6.3939 WKGT= 14,5754 WKST= ~62.3644 TOTAL JRAILING= -56.1829

BEEHORIZONTAL REACT [ ON=%a:
HEPL=  29.127% HKL = 2.5820 TUTAL LEADING = 3147094
HKPT= =14.7B01 HKT = -16.9292 TOTAL TRAILING= =31.7094

HAEEMOMENT S s

MGL = -44.7884 MSL = 338.9945 MPL =-213.3103 TUTAL LEADING = BOHEIST
MGT = -45,3722 MST = 317.9378 MPT = 235.8248 TOTAL TRAILINGE 508.3904

TOTAL TORQUE = 589.2861 LB=INCHES =

FMyET# THRUST EFFICIANCY= «H913

Bl.47lt KG-METERS

3722

53483
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Table 2.4, Wheel performance on slope for §,, = 105 and s = 0.70 (upper bound)

N[ NPUT PARAMETER S %%

WP W XTEMY 5K = 100.3000 0.0000 104.9999 L7000
ALPHA yGAMMA,PHI ,C = 20,4159 <0584 43,1999 L0600
RyB = 13.49500 12.U000
F2ELTRESS PARAMETER Stk

THFETALLOP)=  140.1015 THETA(LLP)= 95,0272 THETA{(MP )= 64,6400
THFTA{M) = 111,4400 THETAINNT = 79,0130 THETA(NO) = 39,6779
P} = .2025 PLL = L8875 PML = 1.0926
PM = 1.0613 pPMN = .9562 PNN = .73453
NORMAL STRESSES AT LeMyN = . 3302 1.188% L5801
TANGENT JTAL STRESSES AT LyM,N= -.3545 L7009 <4950

#¥GEUMETRIC PARAMETERS m#x%
CENTER DF INSTANTANEOUS ROTATION--- XB = ~3,4063 B = 9,1581¢
TRATL ENG SPIRAL PILF=-=-- XPl=  =5_,4844 IPl= 4.7588
LEADING SPIRAL POLE~—~ Xb2=  ~9,324% ip2= 8.7518
BIFURCATINN PRINT~=~ XM = —H,084] M = 11.3687
LEANING FDGE=—= XK, = =9,4567 L = 10.2553%
LEADING SPIRAL CODRDINATES-—- XM= -9,7420 IML= 13.4988
TRAILING EHGF=== XN = =3,B068 IN = 13.420%
TRATCIMG SPIRAL COORDINATES-——~= XMN=  -3,185%¢0 IMN= 16.6198
XI(L)= 112.2640 XI{N}= 85,4203

#u¥VERTICAL REACTION®®X

WKPL= =17.6474 WKGL= L.BT740 WKSL= =23.7603 TOTAL LEADING = =39.5337
WKPT= -13,3298 WKGT= 5.6038 WKST= =53,0616 TOTAL TRAILING= -60.7876

#xuHOIRTZONTAL REACTION®®x%
HKPL= 19.6827 HKL = <=2.2556 TOVAL LEADING = 17.4271
HKPT= -17,9479 HKT = «5208 TOTAL TRAILING= -17.4271

wAEXMOMENT §% %%

MGL = -18.6533 MSL = 24R.9197 MPL = —=65.3R39% TuTaL LEADING = 164.8829
MGT = -31.2311 MST = 237.R679 MPT = 317,25%3 TOTAL TRAILINGE 523.8920
TOTAL TDROUE = 688.,7750 LB~INCHES = 95,2267 KG-METERS
EM4FT,THRIST EFFICIENCY= . 7503 «3722 4960
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Table 2, 1a,

wor [NPUT PARAMETFRS

Wheel performance on siope for gM = 105 and s = .70 {lower bound)

WP XTEMI,5K = 100.3000 00,0000 104,93999 P EDINIY]
ALPHAZGAMMALPHT WL = 20.4159 0584 43,1999 . 0A00
R4H = 13,9500 t2.00u0
¥ STRESS PARAMETER Sk

THFTA{LOP) = 142.3620 THETA(LLP)= 106,4128 THETA (MP)= 64 ., 6400
THFTA (M) = 11144400 THETA{NN) = 61,7308 THETA{NOY = 50,6741
PO = L2025 pLEL = 6581 PMIL = «9738
PM = L9102 PMN = L I0BA PN = P 3485
NORMAL STRESSFEFS AT Ly MyN = . 1604 1.0101 2184
TANGENTTAL STRESSES AT L,M,nN= 1217 SBULL 2242

FRxGFUOMFTRIC PARAMETERSw=x
CENTFR OFF INSTANTANF(US ROTATI(IN=== XR = =3,4063 R = Yalhisk
TRATLING SPIRAL POILF—-—- XPl=s -5,4804 IPl= 4.7588
LEANING SPIRAL PUOLE==- XP2= ~9,374% 1P2= H.7518
BIFURCATION PIHINT-~— XM = -8,084] IM = 11.3687
LEANING FNDGRE=== XL = =4,694/ L = 10.0254
LEADING SPIRAL COURDINATFS == XM= ~10.9Y9471 ML= 14472607
TRATLING FDGE--- XN = ~1,6729 IN = 13.8493
TRATLING SPIRA, COHIRDIMATES——- XM= J1837 IMN= 18.2724
XIUL)Y= 113.6359 XIT{nN)= 16.411%

2EVERTICAL REACTFONHx%

3.6518 WKSL= =31,
12,1758 WKST= -6y,

WKPL= ~15,15H2 WKGL=
WKPT= -9.1669 WKGT=

Bt HOREZINTAL REACT LN s

HKPL= 24,8834 HKL
HKPT= ~17.3956 HKT

1,1439
-B.6317

wou

HAEEMOMENT S# %%

292.4108 MPL =-lay,
2R5.0673 MPT = 289,

MGL = -33.9626 MSL
MGT = —-4R.9486 MST

TOTAL TNROUE = 6£35.7212 LB-INCHES =

EMyFT,THRIIST EFFICIENCY= L6325

07287 TOTAL
4015 TOTAL

TOTAL
TOTAL

4692 TOTAL
6205 TaTAL

LFADING = =42.%35%0
TRATLING= -57.3926

LEADING = 26.0273
TRATLUING= -26.0273
LEADING = 109.9789

TRATLINGE $525.7422

HT.8917 KG-MFTERS

£3722

$5374
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Table 3,1, Wheel performance for Apollo LRV for éM = 105 and sy =

AR NPT RPARAMFETER Soean

0. 85 (upper bound)

WP XT (M), 5K = IUMIINY 00000 ) 049999 LR 0O0
ALPHA 3 GAMMAPHELC = N.0000 L0100 37249999 LROU
RyB = 16..0000 14,0000

H s TRESS 2 ARAME | F ook
THETA (OB )= 1920047 THETA(LL V)= 107.2372 THETA(MP ) = Ahoni g2
THFETA (M) = 122.8722 THETA(NN) = CERR YL THETA (M) = P4 3706
Pl = . 1690 PLL = R T T vmL = D734
PM = L5057 PN = LATTY PNM = W41YP
NORMAL STRESSES AT L ,M,N = L1819 hHDS e BiduH
TANGENTT AL STRESSES AT L yMyn= ~ 574 . OYYs 220

«GEOMETRIC PARAMFTERS
CEMTER v ITaSTAMNTANENUS ROTATTIIN-—— XA = [SNEIRIVIV] /B = 13.A000
TRATLING SPIRAL PIILF=== Xk 1= ~1.72049 /Pl= 10.9107
LEADTIMG SPTIRAL PlLE—=-== APA = LGP YA R iP2= 1 .3647
BIFURCATINM POINT——-— XM = -4,1411 M o= 1h.454H
LEANTING ENGE === Xbo= —fuhTif L= 14.091 1
LEFANDING SPIRAL CHAORDINATFES==- XML = -9, 0621 7 M= 18 HH]L
TRATLING Fi(ye=—— XM= 1,204 M= 19.9942
TRATLING SPIRAL CNNHDIMATES——- XM= 3.37259 = AU.3T62
XI(Ld= 11B.2568% X{(n}= He, hahE

s VERTTCAL READT LI s
P = —hTIT6H HWKGI = 1Tolln6s WKSL= —20.9803 T0TaL _Faning = —Z2 1 et372 3
WKPT= —4.N1NA WKGT= 17418 wKST= <249,8765 TOTAL THALL IMNG= =37alhh 4

SHORTZUONTAL REACT [ (M
HK PRI = las3aid HEL = 1.8724 TOToaL LeanlMG = 18,2178
HKPT= ~l4,8ATR HKT = ~34350hA FOTAL THALLIM,= ~iH8.21484

FMOMENT S =

MGL = =T.24%9 MSL = 1SR .,9629 MPL ==213.%A82 THIALL LEFADING = -hleKh1ls
MGT = —~e 29206 MST = 10,2989 MPT = 261.,601H THIAL TRALLING= 2TlaAanl
TAOTAL THROEIE = 200.7669 |R=-IMCHES = 290000 KG-METEKS
FMyFP = L2571 0. 0000

JPL Technical Memorandum 33-477

-3



Table 3,1a, Wheel performance for Apcllo LRV for ?_E,M = 105 and s, = 0,85 (lower bound)

FINPUT PARAME ] »W S

WePeXT{M)l, 5K = HOLHO000 NL,0000 104 ,9999 o 500
ALPHA yGAMMA ,PHT L = 11,0000 100 B LGy LRG0
Hayh = 16.00040 IRVPRVIVIVIY]

HESTRESS SAQAMETER S

THETACLLNP Y= 1A0LR9T 4 THETALLLPY =  122,4614 THETA (P )= BR L HT22
THETA(MY = 1272.8722 THETA{NM) = b4 2 66T FHETA (M) = 1Aennal
PO = 1690 Pl = L 40a0 M = LhB4Y
P = L4503 PMN = L3926 PN = 3102
MITRMAL STRESSES AT Ly My = L1003 LBy Jladla
TANGENT [ AL STRESSES AT LeMyen= L0383 LUdbY L lan?

GEOMETRIC PARAMETERS
CENTER N7 INSTANTANEOUS ROTATION-—-— XK = 0, 0000 o= 13,6000
TRATLING SPIRAL POLF——= XP L= —lusUns JPY= 109107
LEADINMG SPIRAL Pl k=== AR2= —h.42]11 IH2= IURE A,
KIFURCATINN PIIINyT——- X o= —4,1411 im = I YAR)
TEADTING FDGE=-—= X1 = =K,4hhU P4 135777
LEADTING SPIRAL CONRDINAT RS =m= KL= =1/.1UbY £t = L3027
TRATEL ING FlIGE === M= 3.5966 No= 1h.H90%
TRATLING SPIRAL {ONRDIMNATES——— XM= H.238s8 e PUs1llbg
XTi{L)= 171.9425 X1 {ti)= T 00

VERTICAL REACT N3

WKPL=  —3,04l6 wWKAGL= 21807 WKSL= =27.9771 TaTal LEADING = -Z2d,.83080
WKPT= LA 1G94 WKGT= 35441 WKSI= =35,1432 TOTal TRATLING=  ~30,9149%

BHORIZONTAL REACTT (N5
HKPL= 20,8851 HKL = T.5002 THTAL LEADING = 2843894
HKPT= ~15.3401 HKT = -13,0452 TOTaL TraluIn=  —28,3854

HMOMENTS

MGL = —1nd3aT6 MSL = Laa.3556 MPL =-313,.70%9 TOTAL LFANDING = =159.697Y
MOT = Tamua? MST = 73,3065 wMeT = 2/9,1733 TOTal TRATLING=  360,.07nM7
TOTAL TORME = POMTG3ROT Ld=INLHFS = PT 7036 KL=METFRS
FMyEp = 2455 N, JUUY
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Table 3, 2.

#un [NPUT PARAMFTER §# s

WP XTIM)YySK = ATT.0000 D . 0000 1 04,9999
ALPHA 4 GAMMA,PHI ,C = 0. 0000 +0100 32,999y
RyR = 16,0000 10,0000
xS TAFSS PARAMFTER Gt
THETA{LNP )=  149,3241 THETA(LLP}= 91 . 2966 T
THETA (M) = 132.,7096 THETAINN) = 79,7521 1
e = « 1690 PLL = « 5499 P = «OBs
PM = «H74Y PMN = 1Yo 1 PNN = RCYIT
MOBMAL STRESSES AT L ,M,N = +2061 L8094
TANGENT I AL STRESSES AT LyM,N= —+ 1360 . O0Be
HACRGEOMETRIC PARAMETER S5 %
CENTER DF INSTANTANFUUS éﬂfﬂf!UN-—— xR = 0. LULL
TRATILING SPIRAL POLE==-= XP1= —<6OHHU
LEADING SPIRAL POLE-=~~ Xp2=  -H,0214
RIFURCATINN PUINT=== XM = —~4.14]11
LFADING EDNGE ==~ KL = -H.R3AGY
LEANDING SPIRAL COORDINATES~~— XM= =7.2%(2
TRATLING EDGE==- AN = LOYUS
TRATLING SPIRAL CONRDINMATES—-—- KM N= «YBTL
x1{L)= 115.3084 XTIN)= HI, 6762
HHAVERTICAL REACT I NNen
WKRI_= =7.1048 WKGL= 24948 WKSL= =16.2H80 T0TA
WKPT=  -9,2000 WKGT= 1.3934 WKST= -29,5081 TNTa
#REHORIZONTAL REACT TN
HKPI = 1li.5836 HKL = 7605 T0YA
HKPT= =~164.5940 HKT = 442498 TnTa
FAEMOMENT S %
MGL = =3.6164 MSL = 120.1449 MPL ==-136.572716 T0TA
MGT = =1.7654 MST = =75.9649 MPT = 301.4H836 TOTA
TOTAL TNRAQUE = 203,754]1 LB=INCHES = 28.1700
EM,ER, = «2358 0. 00U0

JPL Technical Memorandum 33-477

Wheel performance for Apollo LRV for gM = 105 and Sl

<5000
L0500

HETA (MP )=
HETA{NN) =

I4
2z

4919
2684

=
ivl=
tPyz=
M o=

LOLFAD NG
L TRATLING

L LEADING
L TRATLING

L LEADING
L TRAIL ING

KG=METERS

= 0.90 (upper bound)

75.70496
AeB747

T4 . 4000
L1.7107
8.072%
15,4544
14 .4647
17.7234
15,9997
2084431

= =Z22.84930
= =-37.3146

= 12.34%1
= -12.3441

= =19,49991
223.1532

n

|59
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Table 3. 2a.

wad [NPUT PARAMFT R 53

Wheel performance for Apollo LRV for gM = 105 and ). = 0.90 (lower bound)

WePyX]{M), 5K = 600000 N OG00 1 0449999 GO0
ALPHA yGAMMA ,PHI (G = 7.0000 {100 3209999 U500
RyR = 16,0000 10,0000
wuRSTRESS PARAMETFER
THFTALLNPY=  156.1713 THETACLLP)=  119.7895 THETA (MpP) = 75.70496
THETA(M) = 132.7096 THETAINNY = 46,2387 THETA(ND) = Sl b2
PU = L1590 PLL = . 3ART PMI. = L4067
PM = 42TH PMN = L3715 PN = LTI
NORMAL SERESSES AT L4M,N = 9 8O CHBBAETY 217201
TANGENTTAL STRESSFS AT ILyMyN= L0010 PRsIezT . 1280
EHRGFOMETRIC PARAMFTER ik
CENTRR NF INSTANTANEUUS RUTATIUN-~~ XB = Ve DOOU /B = 14 4000
TRATLING SPIRAL POLE-—— XP 1= -4 BBhHU iPl= 11.7107
LEANING SPIRAL POLE ===~ XPY=  =6.0214 A A Ho0725
BIFURCATINN PHINT=== XM = —~4,.1411 M = 1%.4544
LEADING FDGE=== XL =  -8.9807 L= 13,724 1K
LEARING SPIRAL CONKRDINATFS-— XM= -12.,2549U Ml = 1R .96KY
TRATLING ENGE=-==— XN = 301271 IN = 15./914
TRATLING SPIRAL CONRDINATES-——— XMN= He TUSY IMN= ?1.5168
XF(. = 124.14R4 XTI (N = TH. 1290
VERTTCAIL, REACTION
WKPL=  —3.H413 WKGL® 2.1765 WKSL=z —=26,1374 THTaAL LFADING = =27.8020
WKPT= -, 1987 WKGT= 6,6923 WKST= =46.3118 TOTAL TRALTLING=  —32.0142
#RuHNRIZONTAL REACT [ NN &5
HEPL = 19.0737 HKIL = R,3584 TOTaL LFADING = 2T.4422
HEKPF= =1T7.N6R8T HKT = ~10.36%4 TOTal, TRALILING=: =27 .4 427
MOMENT § et
MGL =  —A66LET MSL = 1h6.595%2 MPL =-267,8HL5 TOTAL CEADING = =10/7.9440
MGT = Q,4905 MST = 24,2904 MPT = 318,7603 INTaL I1RATLING=  352.9417
TOTAL TNROUE = Pa4.5937 |L3=TNCHFS = 33,8162 KBE=MFIERS
EM,EP, = 7830 0.0000
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Table 4,1,

#IMPUT 2ARAMFTER S

Wheel performance for Lunokhed-1 for £34 = 112 and S -

WP XTIM), 5K = 38,0000 N,00N0 111494999 L8000
ALPHA SGAMMA L PHT L = 00000 L0100 17 .,99499 OB 00
R,R = 10.0000 A B0
#exSTRESS PARAMFTERS

THETA(LNP )= 155,8434 THETALLLEY=  10T7.AR243 THETA (Mb )=
THETAIM) =  128.2469 THETA(NN) = 6B HHTD THETA {Nn0)) =
Py = 1690 pLL = SB043 PML, = Ty
PM = 5345 pPMN = L5127 PNN = 4594
NORMAL STRESSES AT LyMyN = 1939 17224 « 3843
TANGENT TAL STRESSES AT LyMynN= —.1447 <1207 L2502

#RGGFUMETRIC PARAMET ERS s
CENTER (0F INSTANTANFUQUS ROTATEION~-- XB = ). 0000 iH o=
TRATLIMG SPIRAL POLE=== Kbi= —.B259 iPi=
LEANING SPIRAL Pillk==~ XKP2= ~5,2719 AV E]
BIFURCATINN POINT === XM = =3.7460 /M=
LEADING FDGE—-=~— AL = —H.loUL L =
LEADING SPIRAL COORDINATES--— XMLz = 7,321¢ ML=
TRATLING FNGF--~ XN = .HY82 IN =
TRATLING SPIRAL CHHIRDINATES—~= AMN= ZeSb4r IMN=
¥T{L)= 128.0258 xTi{n)= Ha, 8463

kY ERTTICAL QEACT [ignas

WKPL=  -3,4992 WKGL= L3H96 WRSL= =10.0691 THTAL LFADING
WKPT=  ~3,2561 WKGT= fOL10h WKST= —18,9917 TOTAL TRATL [NG

EEEHORT ZONT AL REAT T 1IN ok
HKPI_= RL,THaH HKL = 1.2993% TOTAL LEADING
HKPT=  -9,7117 HKT = -.37122 TOTal TRALLIMG

MOMENT S # s

MGL = —1.9460 MSL = 70.104% MPL = <=A1.8630 TUTal LEADING
MGT = —.3L7T9 MST = —31,3827 MPT = 11/7.0215 TOTAL TRAILING
TOTAL TRRQuUE = 866161 LB=TNCHES = 11.97%) KG=METERS
EM4FT, = 30493 0.0000

JPL Technical Memorandum 33-477

0. 80 (upper bound)

71,2469
Jh o hh B2

§. 0000
S5.%672
49247
PN NE.
T.8773
11.5329
Fa9h9Ih
14 47144

= =13.778/
= —/1.3323

10,0839
—10.083Y

"

= 642953
= K. 3208

b1
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Table 4, la.

INPHT PARAMETERS %% %

Wheel performance for Lunokhod-1 for £,, = 112 and 5 = 0, 80 (lower bound)

WePyXT(M),5k = 35,0000 0L.0000  111.9999 LBOGU
ALPHAZGAMMA,PHI L = 0,0000 LOLO0 37,9999 . 0500
RyH = 10,6000 6. 5000
#xSTRESS PARAMET RR S

THFTA(LOP Y= 18R ,0952 THETA{LLPI=  14%.0048 THETA(MP) = T1.2469
THFTA M} = 128,24569 THETAINN) = 23,3997 THETA(NOY= =2.5815
P} = «1690 PLIL = XA PML = L5367
PM = L4812 pPMy = «3IRGE PNN = <3047
NORMAL STRESSES AT L ,MyN = .1436 L6426 -1376
TANGENTTAL STRESSFS AT L aMyn= L0873 L1087 .1393

wxGFOMETRIC PARAMETERS™
CENTER NF OINSTANTANFOUS ROTATION—--= XB = 0. 0000 P 5.0000
TRATLING SPIRAL POLFE--— XPl= ~. 8254 Ivis= 545672
LEANING SPIRAL POLE-——- XBZa  =5,2219 {P2= 4,9247
RIFURCATION POINT === XM = -3.746U M = 9,2718
LEADING FDGE——=— X = ~1,5514 L= A.55546
LEADING SPIRAL CHOORDINATES=—— XM= =13,89H4 LM = 10.9990
TRATLING FDRGE-—-= XN = 5.5478 IN = H,3232
TRATLING SPIRAL COROINATES~—— XMN= 13.38lu IMN= 11.71581
XTtil= 139,0378 X1in)= Sh. 3384

wnVERTICAL REACTTON®F*

WKPL = 446079 WKGL= 1.8160 WKSL= —20.7413 TOTAL LEADING = -14,3173
WKPT= 5.0207 WKGT= 349375 WKST= 29,5777 TOTaL TRATLCING= =20,61494

RRHIRTZONTAL REACT TN
HKPL = 17.00385 HKL = 12.3711 TOTAL LEADING = 29 41046
HKPT= —11.7633 HKT = —-17.6463 TOTAaL TRAILING= -29,4096

PRk MM BN § ook

MGL = -3.1632 MSL = 117.5277 MPL =-200,4959 TOTal LEADING = -86,1314
MGT = 18,9818 48T = —44,70n6 MPT = 166,379% TOTAL TRAILING=  141,.20607

TOTAL TORQUE = 55,1293 LU-INCHES =

FM,FT, = . 1968 4, 0000

TaA2LY KG=METERS
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Fig. 1. Typical failure pattern for driven rigid
wheel on a pack of aluminum rolls

w {rod/s)
& VC = szk
Clx =z =0)
b,z
0= 3= 1.0 a,
- ”x';
UNDISTURBED AP
SURFACE i o!
]
]
a
v,
1
'

Fig. 2. Roller motion on sloping soil
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Fig, 3, Driven rigid roller 100% slip (Sk =0,
Vi = 0) on a pack of aluminum rolls

PASSIVE ZONE

TRANSITION ZONE

ACTIVE ZONES

PASSIVE ZONE A
TRANSITION ZONE

Fig. 4. Soil-roller plastic flow configuration
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Fig. 5. Soil-roller rim-velocity boundary conditions (bifurcation of plastic zones)
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(o) STRESS PLANE

la—c cot ¢—-r&—-—————-—'l/2(a'x + o’z)"—_—‘—"

FIRST SLIPLINE
v, DIRECTION

g

"
8 DIRECTION OF o

SECOND SLIPLINE
DIRECTION

{b) PHYSICAL PLANE

P

FIRST
SLIPLINE

SECOND
SLIPLINE

T
k=172

oy = MAJOR PRINCIPAL STRESS

Fig, 6. Limiting stress state
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w {rad/s) 1

B .
o
s ST Ay V;\A

Fig. 7. Limit position of leading pole (sk =0
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Mi LEADING SPIRAL POLE FOR 5 1.0

k

//,
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Te _—TRAILING 5PIRAL
;,.«/ POLE FOR 5 - 0
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ﬁ————._‘ )
~—LOCUs OF I?
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SPIRAL POLES) |
|
w X
$)
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ACTIVE ZOMES (TRANSITION AND
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Soil-roller free body equilibrium



Fig., 12, Stresses along sliplines (active zones)
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